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Preface 


East/ Algebra Step-by-Step is an interactive approach to learning basic alge¬ 
bra. It contains completely worked-out sample solutions that are explained in 
detailed, step-by-step instructions. Moreover, it features guiding principles, 
cautions against common errors, and offers other helpful advice as “pop- 
ups” in the margins. The book takes you from number concepts to skills in 
algebraic manipulation and ends with word problems. Concepts are broken 
into basic components to provide ample practice of fundamental skills. 

The anxiety you may feel while trying to succeed in algebra is a real-life 
phenomenon. Many people experience such a high level of tension when 
faced with an algebra problem that they simply cannot perform to the best 
of their abilities. It is possible to overcome this difficulty by building your 
confidence in your ability to do algebra and by minimizing your fear of mak¬ 
ing mistakes. 

No matter how much it might seem to you that algebra is too hard to 
master, success will come. Learning algebra requires lots of practice. Most 
important, it requires a true confidence in yourself and in the fact that, with 
practice and persistence, you will be able to say, “I can do this!” 

In addition to the many worked-out, step-by-step sample problems, this 
book presents a variety of exercises and levels of difficulty to provide rein¬ 
forcement of algebraic concepts and skills. After working a set of exercises, 
use the worked-out solutions to check your understanding of the concepts. 

We sincerely hope Easy Algebra Step-by-Step will help you acquire 
greater competence and confidence in using algebra in your future 
endeavors. 


IX 
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Numbers of Algebra 


The study of algebra requires that you know the specific names of numbers. 
In this chapter, you learn about the various sets of numbers that make up 
the real numbers. 


Natural Numbers, Whole Numbers, and Integers 

The natural numbers (or counting numbers) are the 
numbers in the set 

N = {l,2,3,4,5,6,7,8,...} 

You can represent the natural numbers as equally spaced points on a number 
line, increasing endlessly in the direction of the arrow, as shown in Figure 1.1. 

!- 1 - 1-1 - 1 - 1 - 1 - 1 -► 

1 2 3 4 5 6 7 8 

Figure 1.1 Natural numbers 

The sum of any two natural numbers is also a natural number. For 
example, 3 + 5 = 8. Similarly, the product of any two natural numbers is also 
a natural number. For example, 2 x 5 = 10. However, if you subtract or divide 
two natural numbers, your result is not always 
a natural number. For instance, 8 — 5 = 3 is a 
natural number, but 5 — 8 is not. 


You do not get a natural number as the 
answer when you subtract a larger natural 
number from a smaller natural number. 


The three dots indicate 
that the pattern 
continues without end. 


1 
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Likewise, 8 4 4 = 2 is a natural number, 
but 8 4- 3 is not. 

When you include the number 0 with the 
set of natural numbers, you have the set of 


You do not get a natural number as the 
quotient when you divide natural numbers 
that do not divide evenly. 


whole numbers: 

W = { 0,1,2,3,4,5,6,7,8, . . .} 


The number 0 is a whole number, 
but not a natural number. 


If you add or multiply any two whole numbers, your result is always a 
whole number, but if you subtract or divide two whole numbers, you are not 
guaranteed to get a whole number as the answer. 

Like the natural numbers, you can represent the whole numbers as 
equally spaced points on a number line, increasing endlessly in the direc¬ 
tion of the arrow, as shown in Figure 1.2. 


-1-1-1-!-!-!-!-!-!-► 

012345678 

Figure 1.2 Whole numbers 

The graph of a number is the point on the number line that corre¬ 
sponds to the number, and the number is the coordinate of the point. You 
graph a set of numbers by marking a large dot at each point correspond¬ 
ing to one of the numbers. The graph of the numbers 2,3, and 7 is shown in 
Figure 1.3. 


-!- 1 -*-*-!-!-!-*-!-► 

012345678 

Figure 1.3 Graph of 2, 3, and 7 

On the number line shown in Figure 1.4, the point 1 unit to the left of 0 
corresponds to the number —1 (read “negative one”), the point 2 units to 
the left of 0 corresponds to the number —2, the point 3 units to the left of 0 
corresponds to the number —3, and so on. The number —1 is the opposite of 
1, —2 is the opposite of 2, —3 is the opposite of 3, and so on. The number 0 is 
its own opposite. 

A number and its opposite are exactly the same distance from 0. For 
instance, 3 and —3 are opposites, and each is 3 units from 0. 
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4 -I-!-!-1-!-!-!-!-!-!-!-!-!-► 

-6-5-4-3-2-1 0 1 2 3 4 5 6 


Figure 1.4 Whole numbers and their opposites 


The set consisting of the whole numbers and their opposites is the set of 
integers (usually denoted Z ): 


Z = 3,-2,-1,0,1,2,3,...} 


0 is neither positive nor 
negative. 


The integers are either positive (1,2,3, . . .), negative 
-3,-2,-1), orO. 

Positive numbers are located to 
the right of 0 on the number line, and 
negative numbers are to the left of 0, as 
shown in Figure 1.5. 


It is not necessary to write a + sign on positive 
numbers (although it's not wrong to do so). If 
no sign is written, then you know the number 
is positive. 


Zero 

. - Negative Integers J, Positive Integers — - . 

4 —i——i-1-1-}-1-1-1-1-1-1-1——i—► 

-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 

Figure 1.5 Integers 

Problem Find the opposite of the given number. 

a. 8 

b. -4 

Solution 
a. 8 

Step 1. 8 is 8 units to the right of 0. The opposite of 8 is 8 units to the left 
of 0. 

Step 2. The number that is 8 units to the left of 0 is —8. Therefore, —8 is the 
opposite of 8. 



A nonzero number's 
opposite can be positive 
or negative. The opposite 
of a positive number is 
negative. The opposite 
of a negative number is 
positive. 


b. -4 


Step 1. —4 is 4 units to the left of 0. The opposite of —4 is 4 units to the right 
of 0. 
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Step 2. The number that is 4 units to the right of 0 is 4. Therefore, 4 is the 
opposite of —4. 

Problem Graph the integers —5, —2, 3, and 7. 

Solution 

Step 1. Draw a number line. 

^—i-1-1-1-1-1-1-1-1-1-1-1-t-1-1-1-1—► 

-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 

Step 2. Mark a large dot at each of the points corresponding to —5, —2, 3, 
and 7. 

4—i-t-1-•-1-1-•-1-t-1-1-•-1-t-1-•-1—► 

-8 -7 -6 -5 -4 -3 -2 -10 1 2 3 4 5 6 7 8 

Rational, Irrational, and Real Numbers 

You can add, subtract, or multiply any two integers, and your result will 
always be an integer, but the quotient of two integers is not always an inte¬ 
ger. For instance, 6 3- 2 = 3 is an integer, but 13- 4 = is not an integer. The 
number is an example of a rational number. 

A rational number is a number that can be expressed as a quotient of an 
integer divided by an integer other than 0. That is, 
the set of rational numbers (usually denoted Q) is 

[ p 

Q= j —, where p and q are integers, q ^ 0 

The rational numbers include positive and 
negative fractions, decimals, and percents. All of the natural numbers, 
whole numbers, and integers are rational numbers as well because each 

Yi 

number n contained in one of these sets can be written as —, as shown here. 

1 



The decimal representations of rational 
numbers terminate or repeat. For instance, 

— = 0.25 is a rational number whose decimal 
4 


The quotient of two integers, where 
the divisor is not zero, is a ratio. 
Hence, every rational number is the 
ratio of two integers. 


The number 0 is excluded as a 
denominator for — because division 

q D 

by 0 is undefined, so — has no 
0 

meaning, no matter what number 
you put in the place of p. 
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representation terminates, and — = 0.666 ... is a rational number whose deci¬ 


mal representation repeats. You can show a repeating decimal by placing a 


line over the block of digits that repeats, like this: 


2 

3 


0.6. You also might find 


it convenient to round the repeating decimal to a 
certain number of decimal places. For instance, 

2 

rounded to two decimal places, — ~ 0.67. 

The irrational numbers are numbers whose 
decimal representations neither terminate nor repeat. An irrational number 
cannot be expressed as the quotient of two integers. For instance, the posi¬ 
tive number that multiplies by itself to give 2 is an irrational number called 
the positive square root of 2. You use the square root symbol (J ~) to show the 
positive square root of 2 like this: V2. Every 
positive number has two square roots: a pos¬ 
itive square root and a negative square root. 

The other square root of 2 is —V2. It also is 
an irrational number. (See Chapter 3 for an 
additional discussion of square roots.) 

You cannot express \fl as the ratio of two integers, nor can you express 
it precisely in decimal form. Its decimal equivalent continues on and on with¬ 
out a pattern of any kind, so no matter how far you go with decimal places, 
you can only approximate \fl. For instance, 
rounded to three decimal places, >/2 1.414. 

Do not be misled, however. Even though 
you cannot determine an exact value for 
\[2, it is a number that occurs frequently in 
the real world. For instance, designers and builders encounter %/2 as the 
length of the diagonal of a square that has sides with length of 1 unit, as 
shown in Figure 1.6. 


Not all roots are irrational. For instance, 
%/36 = 6 and %/—64 = —4 are rational 
numbers. 


The number 0 has only one square root, 
namely, 0 (which is a rational number). The 
square roots of negative numbers are not 
real numbers. 


The symbol = is used to mean "is 
approximately equal to." 



1 unit 


1 unit 


Figure 1.6 Diagonal of unit square 
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There are infinitely many other roots—square 
roots, cube roots, fourth roots, and so on—that are 
irrational. Some examples are \/41, ZJ— 18, and VlOO 
(see Chapter 3 for a discussion of roots). 

Two eminently important irrational 
numbers are 7r and e. The number 7r is 
the ratio of the circumference of a circle 
to its diameter, and the number e is used 
extensively in calculus. Most scientific 
and graphing calculators have 7r and 
e keys. To nine decimal place accuracy, 

7r « 3.141592654 and e « 2.718281828. 

The real numbers, R, are all the rational and irrational numbers put 
together. They are all the numbers on the number line (see Figure 1.7). Every 
point on the number line corresponds to a real number, and every real num¬ 
ber corresponds to a point on the number line. 

3 

—7r -1.3 -0.5 5 1.4 VlO 

^ I I I I I I I I H I I I I I I I I I I I I I I I I l«l I I I I I I I » I I I I » I I I I I ♦ I I I I I I I + I I I I I I I I I I I I I I I I l«l I I I I I I I I ^ 

-4-3-2-10 1 2 3 4 

Figure 1.7 Real number line 


Although, in the past, you might have used 3.14 
22 

or — for 7r, 7r does not equal either of these 
7 22 

numbers. The numbers 3.14 and — are rational 

numbers, but 7r is irrational. 


Be careful: Even roots 

(■J~, \T, \T, etc.) of negative 

numbers are not real numbers. 


The relationship among the various sets of numbers included in the real 
numbers is shown in Figure 1.8. 


I- Real Numbers -1 

Irrational Numbers |- Rational Numbers-1 

Rational Nonintegers |-Integers-1 

Negative Integers |-Whole Numbers-1 

Zero Natural Numbers 


Figure 1.8 Real numbers 


Problem Categorize the given number according to its membership 
in the natural numbers, whole numbers, integers, rational numbers, 
irrational numbers, or real numbers. (State all that apply.) 

a. 0 

b. 0.75 

c. -25 

d. V36 
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e. V5 



Solution 


t Step 1. Recall the characteristics of the various sets of numbers that make 
up the real numbers. 

a. 0 

Step 2. Categorize 0 according to its membership in the various sets. 

0 is a whole number, an integer, a rational number, and a real number. 


b. 0.75 

Step 2. Categorize 0.75 according to its membership in the various sets. 
0.75 is a rational number and a real number. 


c. -25 

Step 2. Categorize —25 according to its membership in the various sets. 
—25 is an integer, a rational number, and a real number. 

d. V36 

Step 2. Categorize ^/36 according to its membership in the various sets. 

V36 = 6, which is a natural number, a whole number, an integer, a 
rational number, and a real number. 

e. V5 

Step 2. Categorize V5 according to its membership in the various sets. 

V5 is an irrational number and a real number. 

f. 2 

3 

2 

Step 2. Categorize — according to its membership in the various sets. 

2 ^ 

— is a rational number and a real number. 

3 
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Problem 


Graph the real numbers —4, —2.5, 0, —, -s/3, e, and 3.6. 

4 



Solution 

Step 1. Draw a number line. 

^iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii»iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii^ 

-4 -3 -2 -1 0 1 2 3 4 


Step 2. Mark a large dot at each of the points corresponding to —4, —2.5, 0, 
—, -s/3, e, and 3.6. (Use s/3 ~ 1.73 and e ~ 2.72.) 

3 

-4 -2.5 0 4 73 e 3.6 

• i i i i i i i i i i i i i i • i i i i i i i i i i i i i i i i i i i i i i i i • i i i i i i m i i i i i i i i m i i i i i i i i • i i i i i i i i • i i i i ^ 

-4-3-2-10 1 2 3 4 


Properties of the Real Numbers 

For much of algebra, you work with the set of real numbers along with 
the binary operations of addition and multiplication. A binary operation is 
one that you do on only two numbers at a time. 

Addition is indicated by the + sign. You can indi¬ 
cate multiplication a number of ways: For any 
two real numbers a and b, you can show a times b 
as a ■ b, ab, a(b), ( a)b , or ( a)(b ). 

The set of real numbers has the following 11 
field properties for all real numbers a, b, and c under the operations of addi¬ 
tion and multiplication. 

1 . Closure Property of Addition, (a + b) is a real number. This property 
guarantees that the sum of any two real numbers is always a real number. 

Examples 

(4 + 5) is a real number. 

(— + — | is a real number. 

\2 4/ 

(0.54 + 6.1) is a real number. 

(y/2 + 1) is a real number. 

2 . Closure Property of Multiplication. ( a ■ b) is a real number. This property 
guarantees that the product of any two real numbers is always a real number. 


Generally, in algebra, you do not 
use the times symbol x to indicate 
multiplication. This symbol is used 
when doing arithmetic. 
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Examples 

(2 • 7) is a real number. 


1 5 

-1 is a real number. 

3 8 


(2.5(10.35)) is a real number, 
is a real number. 


3. Commutative Property of Addition, a + b = b + a. This property allows you to 
reverse the order of the numbers when you add, without changing the sum. 

Examples 

4+5=5+4=9 

1 3 = 3 1 _5 

2 4 _ 4 2 _ 4 

0.54 + 6.1 = 6.1 + 0.54 = 6.64 
2n + 3tt = 3n + 2n = 5ir 


4. Commutative Property of Multiplication, a ■ b = b ■ a. This property allows 
you to reverse the order of the numbers when you multiply, without 
changing the product. 


Examples 

2 • 7 = 7 • 2 = 14 

1_ 5 _ 5 1 = 5 _ 

3 ’ 8 “ 8'3 “ 24 

2.5(10.35) = (10.35)2.5 = 25.875 


2 2 


V3 

2 


5. Associative Property of Addition, (a + b) + c = a + (b + c). This property 
says that when you have three numbers to add together, the final sum will 
be the same regardless of the way you group the numbers (two at a time) 
to perform the addition. 

Example 

Suppose you want to compute 6 + 3 + 7. In the order given, you 
have two ways to group the numbers for addition: 

(6 + 3) + 7 = 9 + 7 = 16 or 6 + (3 + 7) = 6 + 10 = 16 

Either way, 16 is the final sum. 
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6. Associative Property of Multiplication. ( ab)c = a(bc). This property says 
that when you have three numbers to multiply together, the final product 
will be the same regardless of the way 
you group the numbers (two at a time) 
to perform the multiplication. 

Example 

Suppose you want to compute 

1 


7 • 2 • —. In the order given, you have 

two ways to group the numbers for 
multiplication: 

(7 • 2) • - = 14 • - = 7 or 7 
2 2 


The associative property is needed when 
you have to add or multiply more than two 
numbers because you can do addition or 
multiplication on only two numbers at a time. 
Thus, when you have three numbers, you 
must decide which two numbers you want 
to start with—the first two or the last two 
(assuming you keep the same order). Either 
way, your final answer is the same. 


2- =7-1 = 7 
2 


Either way, 7 is the final product. 


7. Additive Identity Property. There exists a real number 0, called the additive 
identity, such that a + 0 = a and 0 + a = a. This property guarantees that you 
have a real number, namely, 0, for which its sum with any real number is the 
number itself. 

Examples 

—8 + 0 = OH—8 = —8 

^+ 0 = 0 +-=- 

6 6 6 


8. Multiplicative Identity Property. There exists a real number 1, called the 
multiplicative identity, such that a 1 = a and 1 ■ a = a. This property 
guarantees that you have a real number, namely, 1, for which its product 
with any real number is the number itself. 


Examples 

V5-l = l-V5 = V5 

7 7 7 

8 8 8 


9. Additive Inverse Property. For every real number a, there is a real 
number called its additive inverse, denoted —a, such that a H —a = 0 
and —a + a = 0. This property guarantees that every real number has an 
additive inverse (its opposite) that is a real number whose sum with the 
number is 0. 
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Examples 

6 +-6 =-6 + 6 = 0 

7.43 + -7.43 = -7.43 + 7.43 = 0 


Notice that when you add its additive 
inverse to a number, you get the additive 
identity, 0, as an answer. 


10. Multiplicative Inverse Property. For every nonzero real number a, there is 

a real number called its multiplicative inverse, denoted cT 1 or —, such that 

11 ~ 
a ■ a 1 = a ■ - = 1 and a 1 ■ a = - ■ a = 1. 
a a 

This property guarantees that every real 
number, except zero, has a multiplicative 
inverse (its reciprocal) whose product with 
the number is 1. 

Examples 


3 4 = 4 3 =1 

4 3 3 4 


A number and its multiplicative 
inverse have the same sign. 


Notice that when you multiply a number 
by its multiplicative inverse, you get the 
multiplicative identity, 1, as an answer. 


11. Distributive Property. a(b + c) = a- b + a-c and {b + c) a = b ■ a + c ■ a. 
This property says that when you have a number times a sum (or a sum 
times a number), you can either add first and then multiply, or multiply first 
and then add. Either way, the final answer is the same. 

Examples 

3(10 + 5) can be computed two ways: 

add first and then multiply to obtain 3(10 + 5) = 3 • 15 = 45, or 
multiply first and then add to obtain 3(10 + 5) = 3 • 10 + 3 • 5 = 
30 + 15 = 45 

Either way, the answer is 45. 

+ ^8 can be computed two ways: 

add first and then multiply to obtain 

|^- + = 1 • 8 = 8, or multiply first 

and then add to obtain f— + — 18 = 

\4 4 1 

— - 8 + — - 8 = 2 + 6 = 8 
4 4 


The distributive property is the only field 
property that involves both addition and 
multiplication at the same time. Another 
way to express the distributive property 
is to say that multiplication distributes over 
addition. 


Either way, the answer is 8. 
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Problem State the field property that is illustrated in each of the 
following. 


a. 0 + 1.25 = 1.25 

b. (7r + >/2) G real numbers 

c A 5 = 5 3 
‘ 4 6 6 4 




The symbol 6 is read "is an 


element of.” 





Solution 



Recall the 11 field properties: closure property of addition, closure 
property of multiplication, commutative property of addition, com¬ 
mutative property of multiplication, associative property of addition, 
associative property of multiplication, additive identity property, 
multiplicative identity property, additive inverse property, multipli¬ 
cative inverse property, and distributive property. 


a. 0+ 1.25 = 1.25 

Step 2. Identify the property illustrated. 
Additive identity property 


b. (tt + yfl) € real numbers 
Step 2. Identify the property illustrated. 
Closure property of addition 


C ' 4'6 6 4 

Step 2. Identify the property illustrated. 

Commutative property of multiplication 

Besides the field properties, you should keep in mind that the number 0 
has the following unique characteristic. 


12. Zero Factor Property. If a real number is multiplied by 0, the product is 0 
(i.e., a ■ 0 = 0 • a = 0); and if the product of two numbers is 0, then at 
least one of the numbers is 0. 


Examples 
-9-0 = 0- 


15 

100 


•0 = 0 


9 = 0 

15 


100 


= 0 


This property explains why 0 does not 
have a multiplicative inverse. There is 
no number that multiplies by 0 to give 
1—because any number multiplied by 
Ois 0. 
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Exercise 1 

For 1-10, list all the sets In the real number system to which the given number belongs. 
(State all that apply.) 


L 10 7. -73 

2. 764 

8 . - 

9. 1 

io. 7o!oi 

5. -1,000 

6. 72 




For 11-20, state the property of the real numbers that is illustrated. 


11 . 

12. 

13. 


-•1,500 

4 


3 

4 


3 

4 


43 • — = 1 
43 


real numbers 

2 
’ 5 


14. 

15. 


1.3 + - 


is a real number 
43 + (7 + 25) = (43 + 7) + 25 


16. 

17. 

18. 

19 . 

20 . 


60(10 + 3) = 600+ 180 

-741 + 7 + 1=0 

-999 0 = 0 

0.6 • —]— = 0.6f— • — 

4 J 3 (4 3 

(90.75)(1) = 90.75 


780 
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Computation with 
Real Numbers 


This chapter presents the rules for computing with real numbers—often 
called signed numbers. Before proceeding with addition, subtraction, 
multiplication, and division of signed numbers, the discussion begins with 
comparing numbers and finding the absolute value of a number. 


Comparing Numbers and Absolute Value 

Comparing numbers uses the inequality symbols shown in Table 2.1. 


Table 2.1 Inequality Symbols 


INEQUALITY SYMBOL 

EXAMPLE 

READ AS 

< 

2 < 7 

“2 is less than 7” 

> 

7 > 2 

“7 is greater than 2” 

< 

9 < 9 

“9 is less than or equal to 9” 

> 

5 >4 

“5 is greater than or equal to 4” 


2^7 

“2 is not equal to 7” 


Graphing the numbers on a number line is helpful when you compare 
two numbers. The number that is farther to the right is the greater number. 
If the numbers coincide, they are equal; otherwise, they are unequal. 


14 




Computation with Real Numbers 


15 


Problem Which is greater, —7 or —2? 

Solution 

Step 1. Graph —7 and —2 on a number line. 

4 ~\ —1—i—i—i—i—i—i—i—i—i—i—i—i—i—i— 

-8 -7 -6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 

Step 2. Identify the number that is farther to the right as the greater 
number. 

—2 is to the right of —7, so —2 > —7. 

The concept of absolute value plays an important 
role in computations with signed numbers. The abso¬ 
lute value of a real number is its distance from 0 on the 
number line. For example, as shown in Figure 2.1, the 
absolute value of—8 is 8 because —8 is 8 units from 0. 

8 units 

<- > 

4 —I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I—I-► 

-10-9 -8 -7 -6 -5 -4 -3 -2 -1 0123456789 10 

Figure 2.1 The absolute value of —8 

You indicate the absolute value of a number by placing the number 
between a pair of vertical bars like this: |—8| (read as “the absolute value of 
negative eight”). Thus, |—8| = 8. 

Problem Find the indicated absolute value. 

a. [— 30| 

b. |0.4| 



Solution 

a. [— 30| 

Step 1. Recalling that the absolute value of a real number is its distance 
from 0 on the number line, determine the absolute value. 

|—30| = 30 because —30 is 30 units from 0 on the number line. 



Absolute value is a distance, 
so it is always positive or zero. 
It is never negative. 
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b. |0.4| 



Step 1. Recalling that the absolute value of a real number is its distance 
from 0 on the number line, determine the absolute value. 

|0.4| = 0.4 because 0.4 is 0.4 unit from 0 on the number line. 




Step 1. Recalling that the absolute 
value of a real number is its 
distance from 0 on the num¬ 
ber line, determine the abso¬ 
lute value. 


As you likely noticed, the absolute value of a 
specific number is the value of the number with 
no sign attached. This strategy works for a number 
whose value you know (that is, a number that you 
can locate on a number line), but do not use it when 
you don't know the value of the number. 



= 2 — because 
3 



is 2— units from 0 on the number line. 
3 


Problem Which number, if any, has the greater absolute value? 


a. -35, 60 

b. 35, -60 

c. -25, 25 



Solution 

a. -35, 60 



Step 1. Determine the absolute values. 

|—35| = 35, |60| = 60 

Step 2. Compare the absolute values. 

60 has the greater absolute value because 60 > 35. 


b. 35, -60 

Step 1. Determine the absolute values. 
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Step 2. Compare the absolute values. 

—60 has the greater absolute value because 60 > 35. 


c. -25, 25 


t Step 1. Determine the absolute values. 

|—25| = 25, |25| = 25 

Step 2. Compare the absolute values. 

Neither number has the greater absolute value because 25 = 25. 


A number and its opposite have 
the same absolute value. 



7 

9 


Step 1. 


Determine the absolute values. 



7 

9 


7 

9 


Step 2. Compare the absolute values. 

_Z has the greater absolute value 
9 

because — > —. 

9 9 


Don't make the mistake of trying 
to compare the numbers without 
first finding the absolute values. 


Addition and Subtraction of Signed Numbers 

Real numbers are called signed numbers because these numbers may be 
positive, negative, or 0. From your knowledge of arithmetic, you already 
know how to do addition, subtraction, multiplication, and division with 
positive numbers and 0. To do these operations with all signed numbers, 
you simply use the absolute values of the numbers and follow the eight rules 
in this chapter. 



Addition of Signed Numbers 

Rule I.To add two numbers that have the same sign, add their absolute 
values and give the sum their common sign. 
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Rule 2. To add two numbers that have 
opposite signs, subtract the lesser 
absolute value from the greater absolute 
value and give the sum the sign of the 
number with the greater absolute value; 
if the two numbers have the same 
absolute value, their sum is 0. 

Rule 3. The sum of 0 and any number is the 
number. 


These rules might sound 
complicated, but practice will make 
them your own. One helpful hint is 
that when you need the absolute 
value of a specific number, just use 
the value of the number with no sign 
attached. 


Problem Find the sum. 

a. -35 + -60 

b. 35 + -60 

c. -35 + 60 



f. -9.75 + -8.12 

g. -990.36 + 0 



Solution 

a. -35 + -60 

Step 1. Determine which addition rule applies. 

-35 + -60 

The signs are the same (both negative), so use Rule 1. 

Step 2. Add the absolute values, 35 and 60. 

35 + 60 = 95 

Step 3. Give the sum a negative sign (the common sign). 

-35 + -60 = -95 


b. 35 + -60 



Determine which addition rule applies. 

35 + -60 

The signs are opposites (one positive and one negative), so use Rule 2. 
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Step 2. Subtract 35 from 60 because |—60| > |35|. 

60 - 35 = 25 

Step 3. Make the sum negative because —60 has the greater absolute value. 
35+ -60=-25 

c. -35 + 60 

Step 1. Determine which addition rule applies. 

-35 + 60 

The signs are opposites (one negative and one positive), so use 
Rule 2. 

Step 2. Subtract 35 from 60 because |60| > |—35|. 

60 - 35 = 25 

Step 3. Keep the sum positive because 60 has the greater absolute value. 
-35 + 60 = 25 



Step 1. Determine which addition rule applies. 

The signs are opposites (one positive and one negative), so use 
Rule 2. 

2 7 

Step 2. Subtract — from — because 
9 9 

7 _ 2 _ 5 
9 9 9 

7 

Step 3. Keep the sum positive because — has the greater absolute value. 
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e. 


2 

9 


+ 


7 

9 


Step 1. Determine which addition rule applies. 

2 7 

9 9 


The signs are opposites (one positive and one negative), so use Rule 2. 
2 7 

Step 2. Subtract — from — because 
9 9 

7 _ 2 _ 5 
9 9 9 



Step 3. Make the sum negative because — has the greater absolute value. 



5 

9 


f. -9.75 + -8.12 



Step 1. Determine which addition rule applies. 

-9.75 + -8.12 

The signs are the same (both negative), so use Rule 1. 

Step 2. Add the absolute values 9.75 and 8.12. 

9.75 + 8.12 = 17.87 

Step 3. Give the sum a negative sign (the common sign). 
-9.75+ -8.12 =-17.87 



g. -990.36 + 0 

Step 1. Determine which addition rule applies. 

-990.36 + 0 

0 is added to a number, so the sum is the number (Rule 3). 


990.36 + 0 = -990.36 
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You subtract signed numbers by changing the subtraction problem to an 
addition problem in a special way, so that you can apply the rules for addi¬ 
tion of signed numbers. Here is the rule. 



Subtraction of Signed Numbers 

Rule 4. To subtract two numbers, keep the first number and add the 
opposite of the second number. 


To apply this rule, think of the minus sign, —, as “add the opposite of.” 
In other words, “subtracting a number” and “adding the opposite of the 
number” give the same answer. 


Problem Change the subtraction problem to an addition problem. 

a. -35 - 60 

b. 35 - 60 

c. 60 - 35 

d. -35 - (-60) 

e. 0 - 60 

f. -60 - 0 


Solution 


a. -35-60 


Step 1. Keep —35. 

Step 2. Add the opposite of 60. 
= -35+ -60 

b. 35 - 60 


Step 1. Keep 35. 


Step 2. Add the opposite of 60. 
= 35 + -60 
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c. 60 - 35 



Step 1. Keep 60. 

60 

Step 2. Add the opposite of 35. 
= 60 + -35 


d. -35 - (-60) 



Step 1. Keep —35. 

-35 

Step 2. Add the opposite of —60. 
= -35 + 60 


e. 0 - 60 



Step 1. Keep 0. 

0 

Step 2. Add the opposite of 60. 


= 0+ -60 


f. -60 - 0 


Step 1. Keep —60. 

Step 2. Add the opposite of 0. 
= -60 + 0 

Problem Find the difference. 

a. -35 - 60 

b. 35 - 60 


Remember 0 is its own opposite. 

v_I_> 

( \ 
A helpful mnemonic to remember how to subtract signed 
numbers is "Keep, change, change." Keep the first number, 
Change minus to plus, and change the second number to its 
opposite. 


c. 60 - 35 

d. -35 - (-60) 

e. 0 - (-60) 

f. -60 - 0 
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Solution 


a. -35-60 


Step 1. 


Keep —35 and add the opposite of 60. 
-35 - 60 
= -35+ -60 


Step 2. The signs are the same (both negative), so use Rule 1 for addition. 
= -95 


Step 3. Review the main results. 

-35 - 60 = -35 + -60 = -95 


b. 35 - 60 


Step 1. 


Keep 35 and add the opposite of 60. 
35-60 
= 35 + -60 


Cultivate the habit of reviewing your 
main results. Doing so will help you 
catch careless mistakes. 


Step 2. The signs are opposites (one positive and one negative), so use Rule 2 
for addition. 

= -25 


Step 3. Review the main results. 

35 - 60 = 35 + -60 = -25 


c. 60 - 35 


Step 1. 


Keep 60 and add the opposite of 35. 
60-35 


= 60 + -35 


Step 2. The signs are opposites (one positive and one negative), so use Rule 2 
for addition. 


= 25 


Step 3. Review the main results. 
60-35 = 60+ -35 = 25 
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d. -35 - (-60) 



Keep —35 and add the opposite of —60. 
-35 - (-60) 

= -35 + 60 


Step 2. The signs are opposites (one positive and one negative), so use Rule 2 
for addition. 

= 25 


Step 3. Review the main results. 

-35 - (-60) = -35 + 60 = 25 

e. 0 - (-60) 


q Step 1. Keep 0 and add the opposite of —60. 

TflL. 0 - (-60) 

=0 + 60 

Step 2. 0 is added to a number, so the sum is the number (Rule 3 for 
addition). 

= 60 


Step 3. Review the main results. 
0 - (-60) = 0 + 60 = 60 


f. -60 - 0 



Step 1. Keep —60 and add the opposite of 0. 
-60-0 
= -60 + 0 


Step 2. 0 is added to a number, so the sum is the number (Rule 3 for 
addition). 

= -60 

Step 3. Review the main results. 

-60-0 = -60 + 0= -60 


Notice that subtraction is not 
commutative. That is, in general, for 
real numbers a and b, a — b ^ b - a. 
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Before going on, it is important that you distinguish the various uses of 
the short horizontal — symbol. Thus far, this symbol has three uses: (1) as 
part of a number to show that the number is negative, (2) as an indicator to 
find the opposite of the number that follows, and (3) as the minus symbol 
indicating subtraction. 

Problem Given the statement —(—35) — 60 = 35 H—60 

t t T t 

(D(2) (3) (4) 

a. Describe the use of the — symbols at (1), (2), (3), and (4). 

b. Express the statement —(—35) — 60 = 35 H—60 in words. 


Solution 



a. Describe the use of the — symbols at (1), (2), (3), and (4). 

Step 1. Interpret each — symbol. 

The — symbol at (1) is an indicator to 
find the opposite of —35. 

The — symbol at (2) is part of the num¬ 
ber —35 that shows —35 is negative. 

The — symbol at (3) is the minus sym¬ 
bol indicating subtraction. 

The — symbol at (4) is part of the num¬ 
ber —60 that shows —60 is negative. 


Don't make the error of referring to 
negative numbers as "minus numbers.” 


The minus symbol always has a number 
to its immediate left. 


There is never a number to the immedi¬ 
ate left of a negative sign. 


b. Express the statement —(—35) — 60 = 35 H—60 
in words. 


n Step 1. Translate the statement into words. 

y§L —(—35) — 60 = 35 H—60 is read “the opposite of negative thirty-five 

mmm minus sixty is thirty-five plus negative sixty.” 
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Multiplication and Division of Signed Numbers 

For multiplication of signed numbers, use the following three rules: 

Multiplication of Signed Numbers 

Rule 5. To multiply two numbers that have the same sign, multiply their 
absolute values and keep the product positive. 

Rule 6. To multiply two numbers that have 
opposite signs, multiply their absolute 
values and make the product negative. 

Rule 7. The product of 0 and any number is 0. 

Problem Find the product. 

a. {—3)(—40) 

b. (3) (40) 

c. (-3)(40) 

d. (3)(—40) 

e. (358)(0) 

Solution 

a. (—3)(—40) 

Step 1. Determine which multiplication rule applies. 

( 3)( 40) 

The signs are the same (both negative), so use Rule 5. 

Step 2. Multiply the absolute values, 3 and 40. 

(3)(40) = 120 

Step 3. Keep the product positive. 

(—3)(—40) = 120 

b. (3)(40) 

Step 1. Determine which multiplication rule applies. 

(3) (40) 

The signs are the same (both positive), so use Rule 5. 

Step 2. Multiply the absolute values, 3 and 40. 

(3)(40) = 120 




When you multiply two positive or 
two negative numbers, the product 
is always positive no matter what. 
Similarly, when you multiply two 
numbers that have opposite signs, 
the product is always negative—it 
doesn't matter which number has 
the greater absolute value. 
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Step 3. Keep the product positive. 
(3)(40) = 120 

c. (-3)(40) 


q Step 1. Determine which multiplication rule applies, 
ft (-3)(40) 

The signs are opposites (one negative and one positive), so use 
Rule 6. 

Step 2. Multiply the absolute values, 3 and 40. 

(3X40) = 120 

Step 3. Make the product negative. 

(—3X40) = -120 

d. (3)(—40) 


1. Determine which multiplication rule applies. 

(3)(—40) 

The signs are opposites (one positive and one negative), so use Rule 6. 

Step 2. Multiply the absolute values, 3 and 40. 

(3)(40) = 120 

Step 3. Make the product negative. 

(3)(—40) = -120 

e. (358)(0) 


n Step 1. Determine which multiplication rule applies. 
yt- (358)(0) 

0 is one of the factors, so use Rule 7. 

Step 2. Find the product. 

(358)(0) = 0 
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Rules 5,6, and 7 tell you how to multiply two numbers, but often you will 
want to find the product of more than two numbers. To do this, multiply in 
pairs. You can keep track of the sign as you go along, or you simply can use 
the following guideline: 

When 0 is one of the factors, the product 
is always 0; otherwise, products that have an 
even number of negative factors are positive, 
whereas those that have an odd number of 
negative factors are negative. 

Problem Find the product. 

a. (600)( — 40)( —1 ,000)(0)(—30) 

b. (— 3)( —1 0)( — 5)(25)( —1)(— 2) 

c. (— 2)( — 4)( — 1 0)(1)( — 20) 


Notice that if there is no zero factor, then 
the sign of the product is determined by 
how many negative factors you have. 


Solution 


a. (600)(—40)(—1,000)(0)(—30) 



Step 1. 0 is one of the factors, so the product is 0. 
(600)(—40)(—1,000)(0)(—30) = 0 

b. (—3)(—10)(—5)(25)(—1)(—2) 



Step 1. Find the product, ignoring the signs. 

(3)(10)(5)(25)(1)(2) = 7,500 

Step 2. You have five negative factors, so make the product negative. 
(—3)(—10)(—5)(25)(—1)(—2) = -7,500 

c. (—2)(—4)(— 10)(1)(—20) 



Step 1. Find the product, ignoring the signs. 

(2)(4)(10)(1)(20) = 1,600 

Step 2. You have four negative factors, so leave the product positive. 
(—2)(—4)(—10)(1)(—20) = 1,600 





Computation with Real Numbers 


29 



Division of Signed Numbers 

Rule 8. To divide two numbers, divide 
their absolute values (being care¬ 
ful to make sure you don't divide 
by 0) and then follow the rules for 
multiplication of signed numbers. 


Problem Find the quotient. 


a. 


b. 


c. 


d. 


-120 

-3 

-120 

3 

120 

-3 

-120 

0 


If the divisor is nonzero and 0 is the 

dividend, the quotient is 0. For instance, 

jr = 0 . But if 0 is the divisor, 

the quotient is undefined. Thus, — 0 

and — 5. — has no answer because 

0 0 

division by 0 is undefined! 

^____ J 

In algebra, division is commonly indicated 
by the fraction bar. 


e. 


_ 0 _ 

30 


Solution 


a. 


-120 

-3 


Step 1. 


Divide 120 by 3. 



Step 2. The signs are the same (both negative), so keep the quotient positive. 


-120 

-3 


= 40 


b.^I20 

3 


Step 1. Divide 120 by 3. 
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Step 2. The signs are opposites (one negative and one positive), so make the 
quotient negative. 


120 

3 


= -40 


c. 


120 

-3 



Divide 120 by 3. 



Step 2. The signs are opposites (one positive and one negative), so make the 
quotient negative. 


120 

-3 


= -40 


d. zl™ 
0 



The divisor (denominator) is 0, so the quotient is undefined. 

—= undefined 
0 


e. 


_ 0 _ 

30 



The divisor is nonzero and the dividend (numerator) is 0, so the 
quotient is 0. 



To be successful in algebra, you must memorize the rules for adding, 
subtracting, multiplying, and dividing signed numbers. Of course, when 
you do a computation, you don’t have to write out all the steps. For instance, 
you can mentally ignore the signs to obtain the absolute values, do the 
necessary computation or computations, and then make sure your result 
has the correct sign. 
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Exercise 2 

For 1-3, simplify. 


1. | —45 

2. |5.8| 


For 4 and 5, state in words. 

4. -9 + -(-4) = -9 + 4 



5. —9 - (-4) = -9 + 4 


For 6-20, compute as indicated. 

6. -80 + -40 

7. 0.7 + -1.4 

8 . 


5' 

2 

6, 

,5, 

18 


-3 


(-100X- 

(400) 

1 

2 


-1 


12 . 


14 . 

15 . 

16. 


_5_ 

11 11 

0.8 

-0.01 

-458 + 0 


17. 


-3- 

(0)(999) 

5 


2 

5 


17, 


18. 

19 . 

20 . 


0 

8.75 

700 

0 

(—3)(1)(— 1)(—5)(—2)(2)(— 10) 


13. -450.95 - (-65.83) 
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Roots and Radicals 


In this chapter, you learn about square roots, cube roots, and so on. 
Additionally, you learn about radicals and their relationship to roots. It is 
important in algebra that you have a facility for working with roots and 
radicals. 


Squares, Square Roots, and Perfect Squares 

You square a number by multiplying the number by itself. For instance, 
the square of 4 is 4 • 4 = 16. Also, the square of —4 is —4 • —4 = 16. Thus, 16 is 
the result of squaring 4 or —4. The reverse of squaring is finding the square 
root. The two square roots of 16 are 4 and —4. You use the symbol 4 -16 
to represent the positive square root of 16. Thus, 

J4(4) = 4l6 = 4 and ^/(-4)(-4) = 4l6 = 4. This 
number is the principal square root of 16. Thus, the 
principal square root of 16 is 4. Using the square 
root notation, you indicate the negative square root 

of 16 as —v/l6. Thus, — %/l6 = —4. 

Every positive number has two square roots that are equal in absolute 
value, but opposite in sign. The positive square root is called the princi¬ 
pal square root of the number. The number 0 has only one square root, 
namely, 0. The principal square root of 0 is 0. 

In general, if x is a real number such that 


absolute value of x). 


x • x = s, then 4s = %/x • x = 4x* = Ixl (the 


The symbol always gives one 
number as the answer and that 
number is nonnegative: positive or 0. 


V— 16 =£ —4; V—16 is not a real 
number because no real number 
multiplies by itself to give -16. 
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A number that is an exact square of another number is a perfect square. 
For instance, the integers 4, 9,16, and 25 are perfect squares. Here is a help¬ 
ful list of principal square roots of some perfect squares. 

VO = 0, Vl = 1, V4 = 2, V9 = 3, Vl6 = 4, 

V25 = 5, V36 = 6, V49 = 7, 

V64 = 8, Vst = 9, VlOO = 10, Vl21 = 11, 

Vl44 = 12, Vl69 = 13, Vl96 = 14, 

V225 = 15, V256 = 16, V289 = 17, 

V400 = 20, V625 = 25 

9 

Also, fractions and decimals can be perfect squares. For instance, — is a 
9 3 3 

perfect square because — equals-, and 0.36 is a perfect square because 

25 5 5 

0.36 equals (0.6)(0.6). If a number is not a perfect square, you can indicate its 
square roots by using the square root symbol. For instance, the two square 
roots of 15 are Vl5 and — Vl5. 


Working with square roots will be 
much easierforyou if you memorize 
this list of square roots. Make 
flashcards to help you do this. 


Problem Find the two square roots of the given number. 

a. 25 

b. 1 

9 

c. 0.49 

d. 11 


Solution 


a. 25 


Step 1. 


Find the principal square root of 25. 

5 • 5 = 25, so 5 is the principal square 
root of 25. 


S’ \ 

When you want to find the principal 
square root of a positive number, 
try to find a positive number that 
multiplies by itself to give the number. 


Step 2. Write the two square roots of 25. 

5 and —5 are the two square roots of 25. 
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Step 1. Find the principal square root of 

2 2 4 2 4 

-= —, so — is the principal square root of —. 

3393 9 

4 

Step 2. Write the two square roots of —. 


2 2 4 

— and — are the two square roots of —. 

3 3 9 


c. 0.49 




Step 1. Find the principal square root of 0.49. 

(0.7)(0.7) = 0.49, so 0.7 is the principal square root of 0.49. 

Step 2. Write the two square roots of 0.49. 

0.7 and —0.7 are the two square roots of 0.49. 

d. 11 

Step 1. Find the principal square root of 11. 

VH is the principal square root of 11. 

Step 2. Write the two square roots of 11. 

VTl and — VlT are the two square roots of 11. 

Problem Find the indicated root. 

a. sjs 1 

b. VT00 



d. y/30 

e. ^9 + 16 


Because 11 is not a perfect square, 
you indicate the square root. 
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f. V-2-2 

g. \!b ■ b 


Solution 


d. V81 


Step 1. Find the principal square root of 81. 

b. ^/ : ^00 




Step 1. Find the principal square root of 100. 
VlOO =10 



Step 1. Find the principal square root of —. 

25 



2 

5 


^ ±9. The square root symbol 
always gives just one nonnegative 
number as the answer! If you want ±9, 
then do this: ±%/81 = ±9. 


%/l00 ^ 50. You do not divide by 
2 to get a square root. 


d. V30 


Step 1. Find the principal square root of 30. 

Because 30 is not a perfect square, ^/30 indicates the principal 
umm square root of 30. 


e. ^9 + 16 


n Step 1. Add 9 and 16 because you want the principal square root of the 
quantity 9 +16. (See Chapter 5 for a discussion of as a grouping 
symbol.) 

v/9 + 16 = V25 


Step 2. Find the principal square root of 25. 
v/9 + 16 = V25 = 5 


V9 + 16 ^ V? + v/l6. ^9 + 16 = V 25 = 5, 
but V9 +a/16 =3 + 4 = 7. 
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f. V - 2--2 

Step 1. Find the principal square root of —2 • —2. 

V-2--2 = |—2| = 2 

g. fb ■ b 

Step 1. Find the principal square root of b ■ b. 
fb ■ b = \b\ 


Cube Roots and nth Roots 

A number x such that x ■ x ■ x = c is a cube root of c. Finding the cube 
root of a number is the reverse of cubing a number. Every real number 
has exactly one real cube root, called its principal cube root. For example, 
because —4 ■ 4 ■ —4 = —64, —4 is the principal cube root of —64. You 
use v—64 to indicate the principal cube root of —64. Thus, a/— 64 = —4. 
Similarly, a/64 = 4. As you can see, the principal cube root of a negative 
number is negative, and the principal cube root of a positive number 
is positive. In general, if x is a real number such that x ■ x ■ x = c, then 
> [c = yjx ■ x ■ x = \[x^ = x. Here is a list of principal cube roots of some per¬ 
fect cubes that are useful to know. 

a/0 = 0, \[\ — 1, yfs = 2, a/27 = 3, 

a/64 = 4, a/ 125 = 5, ^/l,000 = 10 

If a number is not a perfect cube, you indicate its principal cube root by 
using the cube root symbol. For instance, the cube root of —18 is a/—18. 

Problem Find the indicated root. 

a. a/—27 

b. 

c. a/0.008 



You will find it worth your while to 
memorize this list of cube roots. 



\lb ■ b st b if b is negative, and |fa| ^ b if 
b is negative. Because you don't know 
the value of the number b, you must 
keep the absolute value bars. 



V—2 ■ —2 —2. The f symbol 

never gives a negative number as 
an answer. 


d. ^1 
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e. ll-1-7 -7 

f. Hb-b-b 


Solution 





a. Iptf 

Step 1. Find the principal cube root of —27. 
-3 • -3 • -3 = -27, so ^27 = -3. 


b. 

g 

Step 1. Find the principal cube root of 



2 2 2 
5 ’ 5'5 


8 

125’ 


3 / 8 

_ 2 

V125 

5 


C. yjo.008 

Step 1. Find the principal cube root of 0.008. 

(0.2)(0.2)(0.2) = 0.008, so ^0.008 = 0.2. 



d. ifA 

Step 1. Find the principal cube root of —1. 
-1 . -1 . -1 = -l, so = - 1 . 



e. l]—7 ■ —7 ■ —7 

Step 1. Find the principal cube root of—7 • —7 ■ —7. 
\/—7 ■ —7 • —7 = —7 



f. Ub-b-b 

Step 1. Find the principal cube root of b ■ b ■ b. 
\]b - b ■ b = b 


1/—27 = —9. You do not divide 
by 3 to get a cube root. 
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In general, if x ■ x ■ x . x = a, where n is a natural number, x is called 

n factors of x 

an nth root of a. The principal nth root of a is denoted 3/a. The expression 
yfa is called a radical, a is called the radicand, n is called the index and 
indicates which root is desired. If no index is written, it is understood to 
be 2 and the radical expression indicates the principal square root of the 
radicand. As a rule, a positive real number has exactly one real positive nth 
root whether n is even or odd, and every real 
number has exactly one real nth root when n 
is odd. Negative numbers do not have real nth 
roots when n is even. Finally, the nth root of 0 
is 0 whether n is even or odd: 3/o = 0 (always). 

Problem Find the indicated root, if possible, 
a. 3/81 



c. 3/0.125 

d. 3Pl 
f. 5 Vo 


When you're working with only real 
numbers, don't try to find square roots 
of negative numbers. No real number 
will multiply by itself to give a negative 
number. 


Solution 


a. 3/81 



Step 1. Find the principal fourth root of 81. 
3-3-3-3 = 81, so 3/81 = 3. 




Step 1. Find the principal fifth root of-. 

32 


I._I._I._I._I=_J_,so Bp- 
22 2 2 2 32 V 32 


1 _ 

2 
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c. ^0.125 

Step 1. Find the principal cube root of 0.125. 
(0.5)(0.5)(0.5) = 0.125, so f 0.125 = 0.5. 


d. 

Step 1. —1 is negative and 6 is even, so V—1 is 
not a real number. 

V—1 is not defined for real numbers. 


-i—1.-1--1—1—i=i, 

not—1. 


e. Jp\ 


O Step 1. Find the principal seventh root of —1. 

-1--1--1--1--1--1 •-! = -!, so 



f. s fo 

Step 1. Find the principal 50th root of 0. 
The nth root of 0 is 0, so 5 fo = 0. 


Simplifying Radicals 

Sometimes in algebra you have to simplify radicals —most frequently, square 
root radicals. A square root radical is in simplest form when it has (a) no 
factors that are perfect squares and (b) no fractions. You use the following 
property of square root radicals to accomplish the simplifying. 


$ 


If a and b are nonnegative numbers, 
Vo ■ b = fa ■ fb 


Problem Simplify. 

a. V48 

b. V360 
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11 

Solution 
a. a/48 

Step 1. Express a/ 48 as a product of two numbers, one of which is the largest 
perfect square factor. 

V48 

= Vl6 • 3 


Step 2. Replace a/16 • 3 with the product of the square roots of 16 and 3. 

= \<16 • a /3 

Step 3. Find a/16 and put the answer in front of a/3 as a coefficient. (See 
Chapter 6 for a discussion of the term coefficient .) 

= 4^3 

Step 4. Review your main results. 

a/48 = a/16 • 3 = a/16 • a/3 = 4a/3 

b. a/360 

Step 1. Express a/360 as a product of two numbers, one of which is the 
largest perfect square factor. 

a/360 

= a/36 • 10 


Step 2. Replace a/36 • 10 with the product of the square roots of 36 and 10. 
= a/36 -a/10 
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Step 3. Find V36 and put the answer in front of VlO as a coefficient. 

= 6VTo 

Step 4. Review your main results. 

V360 = V36 • 10 = V36 • VlO = 6VlO 


Reviewing your main results 
helps you internalize the 
process. 



Step 1. 


Express 



as a product of two numbers, one of which is the largest 


perfect square. 




Step 2. Replace • 3 with the product of the square roots of i and 3. 


-Vi'* 

Step 3. Find and put the answer in front of V3 as a coefficient. 


Step 4. Review your main results. 
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Multiply the numerator and the denominator of — by the least 
number that will make the denominator a perfect square. 





Step 2. 


Express 



as a product of two numbers, one of which is the 


largest perfect square. 



Step 3. Replace • 2 with the product of the square roots of and 2. 




Step 4. Find — and put the answer in front of %/2 as a coefficient. 




Step 5. Review your main results. 





• 72=^72 

2 
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Exercise 3 

For 1-4, find the two square roots of the given number. 


1. 144 3. 0.64 

25 4. 400 

‘ 49 


For 5-18, find the indicated root, if possible. 


5. VH5 

6 . 4 ^ 

7. 

8. ^25 + 144 

9. 4-5 --5 

10. ^/z7z 

11. ^/-125 

For 19 and 20, simplify. 
19. 472 



12 . 

3 [64T 


V125 

13. 

4 0.027 

14. 

4y-y-y 

15. 

4625 

16. 

£K 


\ 243 

17. 

4—64 

18. 

4~o 
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Exponentiation 


This chapter presents a detailed discussion of exponents. Working efficiently 
and accurately with exponents will serve you well in algebra. 


Exponents 

An exponent is a small raised number written to the upper right of a quantity, 
which is called the base for the exponent. For example, consider the product 
3 • 3 • 3 • 3 • 3, in which the same number is repeated as a factor multiple times. 
The shortened notation for 3 • 3 • 3 • 3 • 3 is 3 5 . This representation of the product 
is an exponential expression. The number 3 is the base, and the small 5 to the 
upper right of 3 is the exponent. Most commonly, the exponential expression 3 5 
is read as “three to the fifth.” Other ways you might read 3 5 are “three to the 
fifth power” or “three raised to the fifth power.” In general, x n is “x to the nth,” 
“x to the nth power,” or “x raised to the nth power.” 

Exponentiation is the act of evaluating an 
exponential expression, x n . 

The result you get is the nth power of the 
base. For instance, to evaluate 3 5 , which has 
the natural number 5 as an exponent, perform 
the multiplication as shown here (see Figure 4.1). 

q Step 1. Write 3 :> in product form. 

3 5 = 3 • 3 • 3 • 3 • 3 


Exponentiation is a big word, but it just 
means that you do to the base what the 
exponent tells you to do to it. 
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Exponent 


\|/ 

3 5 = 3- 3- 3- 3- 3 = 243 
A\ 


Base 


— Fifth power of 3 


Figure 4.1 Parts of an exponential form 


Step 2. Do the multiplication. 

3 5 = 3 • 3 • 3 • 3 • 3 = 243 (the fifth power of 3) 

The following discussion tells you about the different types of exponents 
and what they tell you to do to the base. 


Natural Number Exponents 

You likely are most familiar with natural number exponents. 



Natural Number Exponents 

Ifx is a real number and n is a natural number, then x n = x ■ x ■ x . x . 

n factors ofx 


For instance, 5 4 has a natural number exponent, namely, 4. The expo¬ 
nent 4 tells you how many times to use the base 5 as a factor. When you 
do the exponentiation, the product is the fourth power of 5, as shown in 
Figure 4.2. 


\/ 

5 4 = 5 ■ 5 ■ 5 • 5 = 625 
'N A\ 


Base — 


— Fourth power of 5 


Figure 4.2 Fourth power of 5 


For the first power of a number, for instance, 5 1 , you usually omit the expo¬ 
nent and simply write 5. The second power of a number is the square of the 
number; read 5 2 as “five squared.” The third power of a number is the cube 
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of the number; read 5 3 as “five cubed.” 

Beyond the third power, read 5 4 as “five 
to the fourth,” read 5 s as “five to the fifth,” 
read 5 6 as “five to the sixth,” and so on. 

Problem Write the indicated product as an exponential expression. 

a. 2-2-2-2-2-1-2 

b. -3 -3 -3 -3 -3 -3 


Don't multiply the base by the exponent! 

5 2 = 5 ■ 2 = 10, 5 3 ^ 5 • 3 = 15, 5 4 ^ 5 ■ 4 = 20, 
etc. xVx-n. 


Solution 


a.2-2-2-2-2-2-2 



Count how many times 2 is a factor. 

2 - 2 - 2 - 2 - 2 - 2-2 
Seven factors of 2 


Step 2. Write the indicated product as an exponential expression with 2 as 
the base and 7 as the exponent. 

2 - 2 - 2 - 2 - 2 - 2-2 = 2 7 


b. -3 -3 -3 -3 -3 -3 



Count how many times —3 is a factor. 

—3 • —3 • —3 • —3 • —3 • —3 

Six factors of —3 


Step 2. Write the indicated product as an exponential expression with —3 as 
the base and 6 as the exponent. 

—3 • —3 • —3 • —3 • —3 • —3 = (—3) 6 

In the above problem, you must enclose the —3 
in parentheses to show that —3 is the number that 
is used as a factor six times. Only the 3 will be raised 
to the power unless parentheses are used to indicate 
otherwise. 


(—3) 6 ^ —3 6 . (—3) 6 = 729, but 
—3 6 = -729. 


Problem Evaluate, 
a. 2 5 


b. (—2) 5 

c. (0.6) 2 
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e. O 100 

f. —5 2 

g. (i + D 3 

Solution 
a. 2 5 

n Step 1. Write 2 5 in product form. 
2 5 = 2 • 2 • 2 • 2 • 2 

Step 2. Do the multiplication. 

2 5 = 2- 2- 2- 2- 2 = 32 



b. (—2) 5 

Step 1. Write (—2) 5 in product form. 

(— 2) 5 = —2 • —2 • —2 • —2 • 2 

Step 2. Do the multiplication. 

(—2) 5 = -2 • -2 • -2 • -2 • -2 = -32 



c. (0.6) 2 

Step 1. Write (0.6) 2 in product form. 

( 0 . 6) 2 = ( 0 . 6 )( 0 . 6 ) 

Step 2. Do the multiplication. 

(0.6) 2 = (0.6)(0.6) = 0.36 



Step 1. Write in product form. 

/3\ s = 3 3 3 
\4/ 4 4 4 
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Step 2. Do the multiplication. 

(—f — . — = — 

\4) 4 4 4 64 


e. 


0 i°° 



Step 1. Because O 100 has 0 as a factor 100 times, the product is 0. 
O 100 = 0 


f. — 5 2 



Step 1. Keep the — symbol in front and write 5 2 in product form. 
—5 2 = -5 • 5 

Step 2. Do the multiplication. 

—5 2 = —5 • 5 = —25 


g. (1 + 1) 3 


An exponent applies only to the 
number or grouped quantity to which 
it is attached. Thus, —5 2 = -25, not 25. 



Step 1. Add 1 and 1 because you want to cube the quantity 1 + 1. (See 
Chapter 5 for a discussion of parentheses as a grouping symbol.) 

(1 + 1) 3 = 2 3 


Step 2. Write 2 3 in product form. 
2 3 = 2 • 2 • 2 

Step 3. Do the multiplication. 

2 3 = 2 • 2 • 2 = 8 


(1 +1) 3 st i 3 +1 3 . (1 +1) 3 = 2 3 = 8, but 

I 3 +1 3 = 1 +1 = 2. 


Zero and Negative Integer Exponents 



Zero Exponent 

If x is a nonzero real number, then x° = 1. 


0° is undefined; it has no meaning. 
0 °^ 0 . 


A zero exponent on a nonzero number tells 
you to put 1 as the answer when you evaluate. 


x° ^ 0; x° = 1, provided *^0. 
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Problem Evaluate. 

a. (-2)° 

b. (0.6)° 

c. if 

U) 

d. 7r° 

e. 1° 


Solution 


a. (_2)° 


Step 1. 


The exponent is 0, so the answer is 1. 
(— 2 )° = 1 


b. (0.6)° 


Step 1. 


The exponent is 0, so the answer is 1. 

( 0 . 6 )° = 1 



Step 1. 


The exponent is 0, so the answer is 1. 



d. 7T 


0 


Step 1. The exponent is 0, so the answer is 1. 

e. 1° 


Step 1. 


The exponent is 0, so the answer is 1. 

1 ° = 1 
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Negative Integer Exponents 

If x is a nonzero real number and n is a natural number, then x~ n 


1 


x 


n ' 


A negative integer exponent on a non¬ 
zero number tells you to obtain the recip¬ 
rocal of the corresponding exponential 
expression that has a positive exponent. 


x" ; x n — x". A negative 

x 

exponent does not make a power negative. 


Problem Evaluate. 

a. 2 5 

b. (—2) 5 

c. (0.6) 2 

... IA S 

UJ 


Solution 


a. 2 5 



Step 1. Write the reciprocal of the corresponding positive exponent version 
of 2~ 5 . 


2 -5 = 


2 5 


Step 2. Evaluate 2 ’. 

2’ 5 = — = 1 = J_ 

2 5 2 • 2 • 2 • 2 • 2 32 


As you can see, the negative 

exponent did not make the answer 
1 

negative; 2~ 5 ^ . 


b. (-2) 5 



Step 1. Write the reciprocal of the corresponding positive exponent version 

of(-2r 5 . 


Step 2. Evaluate (—2) 5 . 


(—2) 5 -2 ■ -2 • -2 ■ -2 • -2 -32 


When you evaluate (—2P 5 , the answer is negative 
because (—2) 5 is negative. The negative exponent is 
not the reason (—2)~ 5 is negative. 


32 
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c. (0.6) 2 

Step 1. Write the reciprocal of the corresponding positive exponent version 


of(0.6)- 2 . 


( 0 . 6 ) 2 


1 

( 0 . 6) 2 


Step 2. Evaluate (0.6) 2 . 


(0.6)- 2 


1 

( 0 . 6) 2 


1 _ 1 

(0.6)(0.6) “ 0.36 



Step 1. 


Write the reciprocal of the corresponding positive exponent version 




Step 2. Evaluate and simplify. 

/ 3 \' 3 = 1 = 1 = 64 

\4/ (3/4) 3 27/64 27 

Notice that because x~ n = —, the expression —can be simplified as 
follows: x x 

1 1 x" 1 

-=-= — = x"; thus, -= x". Apply this rule in the following 

x~ n 1/x" 1 x~ n y 5 

problem. 


Problem Simplify. 



b. 


_\ _ 

(-2r 5 
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c. 


1 


( 0 . 6 ) " 

Solution 
_ 1 


Step 1. Apply —— = x n . 


— = 2 5 
1-5 Z 


1 r 

^ Keep the same base for the 
2~ 5 2 

corresponding positive exponent version. 


Step 2. Evaluate 2 5 . 

_L = 2 5 = 32 

0-5 


(- 2 ) 5 

Step 1. Apply —— = x n . 

= (-2 ) 5 

(- 2)- 5 

Step 2. Evaluate (—2) 5 . 

1 


(- 2 )- 


= (—2) = -32 


c. 


( 0 . 6 ) ^ 

Step 1. Apply = x n . 


1 


= ( 0 . 6) 2 


(0.6)- 2 

Step 2. Evaluate (0.6) 2 . 

1 

( 0 . 6 )- 


2 


(0.6) 2 = 0.36 
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Unit Fraction and Rational Exponents 



Unit Fraction Exponents 

If x is a real number and n is a natural number, then x 1/n 
that, when n is even, x > 0. 


yfx, provided 


A unit fraction exponent on a number tells you to find the principal nth 
root of the number. 


Problem Evaluate, if possible. 

a. ( — 27) 1/3 

b. (0.25) 1/2 

c. (—16) 1/4 

« V /s 

d. -JL 

{ 243 


Solution 


a. (—27) 1/3 



Step 1. Apply x 1/n = yfx. 

(—27) 1/3 = V—27 

Step 2. Find the principal cube root of —27. 
(—27) 1/3 = %/—27 = -3 



b. (0.25) 1/2 

Step 1. Apply x 1/n = yfx. . 

(0.25) 1/2 = >/025 

Step 2. Find the principal square root of 0.25. 
(0.25) 1/2 = V025 = 0.5 


c. (—16) 1/4 

Step 1. Apply x 1/n = yfx. 


(—16) 1/4 = if—16 
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Step 2. —16 is negative and 4 is even, so (—16) 1/4 is 
not a real number. 

(—16) 1/4 = if —16 is not defined for real 


(— 16) ,/4 = — 2 . 

-2 —2 -2 -2 = 16, not -16. 


numbers. 


d. 


32 

243 



Step 1. Apply x h ' = \[x. 

/ _32_\ 1/5 _ J 32 
\ 243/ V —243 


Step 2. 


Find the principal fifth root of 


32 

243' 


/__32\ 1/5 = J 32 = 2 

1 243/ V —243 3 


When you evaluate exponential 
expressions that have unit fraction 
exponents, you should practice 
doing Step 1 mentally. For instance, 

49 1/2 = 7, (—8) 1/3 = -2, 

= 1, and so forth. 

(32j 2 



Rational Exponents 

If x is a real number and m and n are natural numbers, then 
(a) x m,n = (x Vn ) m or (b) x m/n = (x m ) 1/n , provided that in all cases 
even roots of negative numbers do not occur. 


When you evaluate the exponential expression x mn , you can find the 
nth root of x first and then raise the result to the mth power, or you can 
raise x to the nzth power first and then find the nth root of the result. For 
most numerical situations, you usually will find it easier to find the root first 
and then raise to the power (as you will observe from the sample problems 
shown here). 

Problem Evaluate using x min = (v' 


b. (36) 3/2 
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Solution 



2/3 


Step 1. Rewrite (—ij using x m/n = ( x l,n ) m . 


2/3 


1/3 


Step 2. Findj- . 


1\ 1/3 

8 / 


1 

2 


Step 3. Raise —^ to the second power. 


1 

4 


Step 4. Review your main results. 


/ lf 3 _ 


2 

l 

\ 8/ 

\ 8/ 


2 


1 

4 


b. (36) 3/2 


n Step 1. Rewrite (36) 3/2 using x' n,n 
(36) 3/z = (36 1/2 ) 3 

Step 2. Find (36) 1/2 . 

(36) 1/2 = 6 


(x 1/n ) m . 


Step 3. Raise 6 to the third power. 
6 3 = 216 

Step 4. Review your main results. 
(36) 3/2 = (36 1/2 ) 3 = 6 3 = 216 


(36) 3/2 ^36-|. (36) 3/2 =216 , but 

3 

36 ■ — = 54. Don't multiply the base by the 
exponent! 
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Problem Evaluate using x min = (x m ') h '. 


b. (36) 3/2 


Solution 

„ \2/3 


a. 


2/3 


Step 1. Rewrite (—-M using x m/n = {x m ) l,n . 


2/3 


1/3 


Step 2. Find 




64 


Step 3. Find 


64 


1/3 



1 

4 


Step 4. Review your main results. 


( if 3 


1/3 

1 

l 8/ 

i 8/ 


64 


b. (36) 3/2 

Step 1. Rewrite (36) 3/2 using x min = {x m ) l,n . 
(36) 3/2 = (36 3 ) 1/2 
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Step 2. Find (36) 3 . 

(36) 3 = 46,656 

Step 3. Find (46,656) 1/2 . 

(46,656) 1/2 = 216 

Step 4. Review your main results. 

(36) 3/2 = (36 3 ) 1/2 = (46,656) 1/2 = 216 



Exercise 4 

For 7 and 2, write the indicated product as an exponential expression. 


1. -4 -4--4 -4 -4 


2 . 8 - 8 - 8 - 8 - 8 - 8-8 


For 3-18, evaluate, if possible. 


3. 

(—2) 7 

4. 

(0.3) 4 


3] 2 

5. 

4, 

6. 

—2 4 

7. 

(1 + D 5 

8. 

(-2)° 

9. 

3- 4 

10. 

(—4) 2 

11. 

(0.3) 2 


12 . 



i 


13 . 

14 . 

15. 

16. 


(—125) 1/3 
( 0 . 16) 1/2 
(— 121) 1/4 
16 f 

.625, 


17. 

18. 


(—27) 2/3 


1,625 


For 19 and 20, simplify. 



20 . 


1 

(- 2 ) 


4 
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Order of Operations 


In this chapter, you apply your skills in computation to perform a series of 
indicated numerical operations. This chapter lays the foundation for numeri¬ 
cal calculations by introducing you to the order of operations. 


Do keep in mind that parentheses are 
also used to indicate multiplication, as 
in (—5)(—8) or for clarity, as in -(-35). 


Grouping Symbols 

Grouping symbols such as parentheses ( ), 
brackets [ ], and braces { } are used to keep 
things together that belong together. 

Fraction bars, absolute value bars | |, and 
square root symbols are also grouping 
symbols. When you are performing computa¬ 
tions, perform operations in grouping symbols 
first. 

It is very important that you do so when you have addition or subtraction 
inside the grouping symbol. 


Grouping symbols say "Do me first!" 


Problem Simplify. 

a. (1 +1) 4 

b . 4±10 

4 

c. ~ 7 + 25 

3-5 


To avoid sign errors when you are 
performing computations with real 

numbers, change instances of- 

to + and change instances of —for 
H— to —. Thereafter, keep a - sign with 
the number that follows it, mentally 
inserting a + symbol if needed. 
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d. |8 H—5| 

e. ^36 + 64 


Solution 



a. (1 +1) 4 

Step 1. Parentheses are a grouping symbol, so do 1 + 1 
first. 


When you no longer need the 
grouping symbol, omit it. 


(1 + 1) 4 = 2 4 

Step 2. Evaluate 2 4 . 
= 16 


(1 + 1) 4 ^1 4 + 1 4 . (1 +I) 4 = 16, but 
I 4 + I 4 = 1 +1 = 2. Not performing the 
addition, 1 + 1, inside the parentheses first 
can lead to an incorrect result. 


4 



Step 1. The fraction bar is a grouping symbol, so do the addition, 4 +10, 
over the fraction bar first. 

4 + 10 _ 14 
4 ~ 4 

Step 2. Simplify^. 


— ^ Not performing the 

addition, 4 + 10, first can lead to an incorrect result. 


7 

2 



r 


c.- 7 + 25 

For 3 — 5, keep the — symbol with the 

5 and mentally do 3 + —5 = -2. 


3-5 




q Step 1. The fraction bar is a grouping symbol, 
so do the addition, —7 + 25, over the 
fraction bar and the subtraction, 
3 — 5, under the fraction bar first. 

-7 + 25 _ 18 
3-5 “-2 

1 ft 

Step 2. Compute ——. 


-7 + 25 
3-5 


-7 + ,25 5 

3 -*, 


-7 + 5 
3-1 


~ 7 + 2 ~* = —9 but TlZ+j — z2l = — 1. 
3-5 3-1 2 

Not performing the addition, —7 + 25, 
and the subtraction, 3-5, first can lead to 
an incorrect result. 


= —9 
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d. |-15 + 8| 

Step 1. Absolute value bars are a grouping symbol, so do —15 + 8 first. 

|—15 + 8| = | —7| 

Step 2. Evaluate |—7|. 

= 7 

e. ^36 + 64 

Step 1. The square root symbol is a grouping symbol, so do 36 + 64 first. 
736T64 = VlOO 

Step 2. Evaluate VlOO. 

= 10 


PEMDAS 

You must follow the order of operations to simplify mathematical expres¬ 
sions. Use the mnemonic “Please Excuse My Dear Aunt Sally”—abbreviated 
as PE(MD)(AS) to help you remember the following order. 

Order of Operations 

1. Do computations inside Parentheses (or other grouping symbols). 

2. Evaluate Exponential expressions (also, evaluate absolute value, 
square root, and other root expressions). 

3. Perform Multiplication and 
Division, in the order in which 
these operations occur from left 
to right. 

4. Perform Addition and 
Subtraction, in the order in 
which these operations occur 
from left to right. 


In the order of operations, multiplication 
does not always have to be done before 
division, or addition before subtraction. 
You multiply and divide in the order they 
occur in the problem. Similarly, you add 
and subtract in the order they occur in the 
problem. 



^36 + 64 * V36 + V64. ^36 + 64 = 10, 

V36 + \[(A =6 + 8 = 14. Not performing the addition, 
36 + 64, first can lead to an incorrect result. 



|—15 + 8| ^ |—15| + |8|. |—15 + 8| = 7, but 
|-15| + |8| = 15 + 8 = 23. Not performing 
the addition, -15 + 8, first can lead to an 
incorrect result. 
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Problem Simplify. 

a. || - 3 ■ 4 + (1 +1) 3 

b. 100 + 8 • 3 2 — 63 = (2 + 5) 

c. - 3 7 + 5 25 + l8-1 5 l-( 5 -3) 3 


Solution 

a. || - 3 ■ 4 + 0 + D 3 


Step 1. 


Compute 1 + 1 inside the parentheses. 
H — 3 • 4 + (1 +1) 3 


= — — 3 • 4 + 2 3 

12 


Step 2. 


Step 3. 


Evaluate 2 3 . 

' -3-1-8 

12 


Compute 


60 


12 

= 5 — 3 ■ 4 + 8 


Step 4. Compute 3 • 4. 

= 5-12 + 8 

Step 5. Compute 5 — 12. 

= -7 + 8 

Step 6. Compute —7 + 8. 

= 1 


5-3-4 + 8^2-12. Multiply before 
adding or subtracting—when no 
grouping symbols are present. 


/--\ 

For 5 — 12, keep the - symbol with 
the 12 and mentally do 5 + —12 = -7. 


Step 7. Review the main steps. 


— - 3- 4 + (1 + 1) 3 = — - 3- 4 + 2 3 = — - 3- 4 + 8 = 5-12 + 8 = 1 
12 V ' 12 12 
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b. 100 + 8 ■ 3 2 - 63 -4- (2 + 5) 

Step 1. Compute 2 + 5 inside the parentheses. 



100 + 8 • 3 2 - 63 + (2 + 5) 

8 ■ 3 2 * 24 2 . 8 ■ 3 2 = 8 ■ 9 = 72, but 24 2 = 576. Do 



= 100 + 8 - 3 2 - 63 + 7 

exponentiation before multiplication. 






Step 2. 

Evaluate 3 2 . 

100 + 8 ■ 9 ^ 108 ■ 9. Do multiplication before 

\ 


= 100 + 8 • 9 - 63 + 7 

addition (except when a grouping symbol indicates 
otherwise). 

2 

Step 3. 

Compute 8 • 9. 




= 100 + 72-63 = 7 

c — 

72 — 63 -T- 7 ^ 9 # 7. Do division before subtraction 

\ 



(except when a grouping symbol indicates 


Step 4. 

Compute 63 + 7. 

otherwise). 



= 100 + 72-9 

Step 5. Compute 100 + 72. 

= 172-9 

Step 6. Compute 172 — 9. 

= 163 

Step 7. Review the main steps. 

100 + 8 • 3 2 - 63 + (2 + 5) = 100 + 8 • 3 2 - 63 + 7 = 100 + 8 • 9 - 63 + 7 
= 100 + 72 - 9 = 163 


c. J+ 5 25 +|8 —15[ —(5 —3) 3 

Step 1. Compute quantities in grouping symbols. 
-7 + 25 


3-5 


- + |8 —15| — (5 — 3) 3 


= l| + |- 7 |- 2 3 

Step 2. Evaluate |—7| and 2 3 . 


= i| + 7 -8 


Evaluate absolute value expressions 
before multiplication or division. 
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Step 3. Compute 

= -9 + 7-8 

Step 4. Compute —9 + 7. 

= - 2-8 

Step 5. Compute —2 — 8. 

= -10 

Step 6. Review the main steps. 

ZZ±|5 + 1 8 _ i 5 | _ ( 5 _ 3 ) 3 = + 1- 7 | _ 2 3 = 

o — o —1 

-9 + 7 —8 = -10 



Exercise 5 

Simplify. 

1. (5 + 7)6-10 

2. (—7 2 )(6 — 8) 

3. (2 — 3)(—20) 

4. 3(—2)-^ 

5. 9_ 20 + 22 _ 2 b 


6. —2 2 • —3 — (15 — 4) 2 

7. 5(11-3-6-2) 2 

8 . —IQ — ~ 8 — (3 —3 +15) 


10 . (- 6 ) 


V625-576 


14 


11 . 


5-1-51 


20 2 

12. (12 — 5) (5 — 12) 


13 . 


9 +Vi 00-64 
-|-15| 

14. —8 + 2(—I) 2 + 6 


15. 1 
2 


1 


-5) + 


9. 


7 — 8 ■ 5 + 3 


+ 7-8 = 



1_5 f_ 7 
7 3, 


3-2-36 = 12 



















6 

Algebraic Expressions 


This chapter presents a discussion of algebraic expressions. It begins with 
the basic terminology that is critical to your understanding of the concept of 
an algebraic expression. 


Algebraic Terminology 

A variable holds a place open for a number (or numbers, in some cases) 
whose value may vary. You usually express a variable as an upper- or 
lowercase letter (e.g., x,y, z. A, B, or C); for simplicity, the letter is the “name” 
of the variable. In problem situations, 
you use variables to represent unknown 
quantities. Although a variable may rep¬ 
resent any number, in many problems 
the variables represent specific numbers, 
but the values are unknown. 

A constant is a quantity that has a fixed, definite value that does not 
change in a problem situation. For example, all the real numbers are con¬ 
stants, including real numbers whose units are units of measure such as 
5 feet, 60 degrees, 100 pounds, and so forth. 

Problem Name the variable(s) and constant(s) in the given expression. 

a. ^(F — 32), where F is the number of degrees Fahrenheit 

b. nd, where d is the measure of the diameter of a circle 


You can think of variables as numbers in 
disguise. Not recognizing that variables 
represent numbers is a common mistake for 
beginning students of algebra. 
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Solution 



a. — (F — 32), where F is the number of degrees Fahrenheit 
9 

Step 1. Recall that a letter names a variable whose value may vary. 

Step 2. Name the variable(s). 

The letter i 7 stands for the number of degrees Fahrenheit and can be 
any real number, and so it is a variable. 


Step 3. Recall that a constant has a fixed, definite value. 

Step 4. Name the constant(s). 

5 

The numbers — and 32 have fixed, definite values that do not change, 
and so they are constants. 


b. nd, where d is the measure of the diameter of a circle 


o Step 1. Recall that a letter names a variable whose value may vary. 

Step 2. Name the variable(s). 

The letter d stands for the measure of the diameter of a circle and 
can be any nonnegative number, and so it is a variable. 


Step 3. Recall that a constant has a fixed, 
definite value. 

Step 4. Name the constant(s). 

The number 7r has a fixed, definite 
value that does not change, and so it 
is a constant. 


Even though the number pi is 
represented by a Greek letter, it is not a 
variable. The number 7r is an irrational 
number whose approximate value to 
two decimal places is 3.14. 


If there is a constant immediately next to a variable (normally preced¬ 
ing it), that constant is the numerical coefficient of the variable. If there is no 
constant written immediately next to a variable, it is understood that the 
numerical coefficient is 1. 


Problem What is the numerical coefficient 
of the variable? 


a. — 5x 


It is customary to use the terms number 
and constant interchangeably. 


b. y 

C. 7T d 
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Solution 


a. —5x 



Identify the numerical coefficient by observing that the constant —5 
immediately precedes the variable x. 

—5 is the numerical coefficient of x. 


b. y 



Step 1. Identify the numerical coefficient by observing that no constant is 
written immediately next to the variable y. 

1 is the numerical coefficient ofy. 


c. nd 



Identify the numerical coefficient by observing that the constant it 
immediately precedes the variable d. 

7r is the numerical coefficient of d. 


Evaluating Algebraic Expressions 

Writing variables and coefficients or two or more variables (with or with¬ 
out constants) side by side with no multiplication symbol in between is a 
way to show multiplication. Thus, —5x means —5 times x, and 2 xyz means 
2 times x times y times z. Also, a constant or variable written immediately 
next to a grouping symbol indicates multiplication. For instance, 6(x + 1) 
means 6 times the quantity (x + 1), 7^/x means 7 times Vx, and —1|—8| 
means —1 times |—8|. 

An algebraic expression is a symbolic representation of a number. It can 
contain constants, variables, and computation symbols. Here are examples 
of algebraic expressions: 


—5x,2xyz, 6( T +1) , ~ 1|rl + 5( *- /) . -8*/ 
7yfx + 1 Z + l 


5 -27, 8a 3 + 64b 3 , 


2x 


x 2 — x — 12, — x 2 z 3 , and —2x 5 


5x — 3x — lx -f* x 4- 4 


Ordinarily, you don’t know what number an algebraic expression repre¬ 
sents because algebraic expressions always contain variables. However, if you 
are given numerical values for the variables, you can evaluate the algebraic 
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expression by substituting the given numerical value for each variable and 
then simplifying by performing the indicated operations, being sure to fol¬ 
low the order of operations as you proceed. 

Problem Find the value of the algebraic expression when x = 4,y = —8, 
and z = —5. 

a. —5x 

b. 2xyz 

£ 6(x +1) 

' 7V^ + 1 

d —1|y| + 5(x — y) 

z + 1 

e. x 2 — x — 12 

Solution 


a. —5x 


n Step 1. Substitute 4 for x in the expression — 5x. 
/ ^L -5x = —5(4) 

Step 2. Perform the indicated multiplication. 

= -20 

Step 3. State the main result. 

— 5x = —20 when x = 4. 



b. 2 xyz 

Step 1. Substitute 4 for x, — 8 for/, and —5 for z 
in the expression 2 xyz. 

2 xyz = 2(4)(—8)(—5) 


When you substitute negative 
values into an algebraic expression, 
enclose them in parentheses to 
avoid careless errors. 


Step 2. Perform the indicated multiplication. 
= 320 


Step 3. State the main result. 

2 xyz = 320 when x = 4,y = —8, and z = —5. 
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6(x +1) 
C ‘ 7\[x +1 



Substitute 4 for x in the expression 


6(x 1) 

7 sfx 4“ 1 


6(x + 1) = 6(4 + 1) 
7Vx + 1 7^4 + 1 


( "\ 

7%/4 +1 7^5. The square root applies 

only to the 4. 


Step 2. Simplify the resulting expression. 


6(5) 
7-2 + 1 

30 

14 + 1 


30 

15 


= 2 


Step 3. State the main result. 


6(x +1) u 

-= 2 when x = 4. 

7+x +1 



d — 1|y| + 5(x — y) 

z + 1 

Step 1. Substitute 4 for x, —8 for y, and —5 for z in the expression 
-l\y\ + 5(x-y) 
z + 1 

-l\y\ + 5(x -y) _ -1|- 8| + 5(4 - (- 8)) 
z + 1 (—5) +1 


Step 2. Simplify the resulting expression. 

_ -1(8)+ 5(4+ 8) 

-5 + 1 

-8 + 5(12) 

-4 

-8 + 60 


-4 
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Step 3. State the main result. 
-l\y\ + 5{x-y) 


z + 1 


13 whenx = 4 ,y 


—8, and z = —5. 



e. x 2 - x — 12 

Step 1. Substitute 4 for x in the expression x 2 — x —12. 
x 2 — x —12 = (4) 2 — (4) —12 

Step 2. Simplify the resulting expression. 

= (4) 2 — (4) —12 
= 16-4-12 
= 0 


Step 3. State the main result. 

x 2 — x —12 = 0 when x = 4. 


Problem Evaluate —2x 5 + 5x 4 — 3x 3 — 7x 2 + x + 4 when x = —1. 



Solution 

Step 1. Substitute x = —1 for x in the expression — 2x 5 + 5x 4 — 3x 3 — 7X 2 + x+ 4. 
—2x 4“ 5x — 3x — 7x" + x + 4 
= —2(— l) 5 + 5(— l) 4 - 3(— l) 3 - 7(— l) 2 + (-1) + 4 


Step 2. Simplify the resulting expression. 

= 2 + 5 + 3-7-14-4 
= 6 

Step 3. State the main result. 

—2x 3 + 5x 4 — 3x 3 — 7x 2 + x + 4 = 6 when x = —1. 


Watch your signs! It's easy to make careless 
errors when you are evaluating negative 
numbers raised to powers. 


You can use your skills in evaluating algebraic expressions to evaluate 
formulas for given numerical values. 
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Problem Find C when F = 212 using the formula C 


fCF-32). 



Solution 

Step 1. Substitute 212 for F in the formula C = —(F — 32). 
C = |(F'-32) 

C = |(212-32) 


Step 2. Simplify. 

C = |(212-32) 

C = |(180) 

C = 100 


Step 3. State the main result. 

C = 100 when F = 212. 


Dealing with Parentheses 

Frequently, algebraic expressions are enclosed in parentheses. It is impor¬ 
tant that you deal with parentheses correctly. 



If no symbol or if a (+) symbol immediately precedes parentheses that 
enclose an algebraic expression, remove the parentheses and rewrite the 
algebraic expression without changing any signs. 


Problem 


Simplify 


-8xy 3 -f 




Solution 

Step 1. Remove the parentheses without changing any signs. 

-8 xy 3 + - 27] = -8x/ 3 + - 27 

l 2 x 2 J 2x 2 
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If an opposite (—) symbol immediately precedes parentheses that enclose an 
algebraic expression, remove the parentheses and the opposite symbol and 
rewrite the algebraic expression, but with all the signs changed. 


Problem 


Simplify 


-8xy* + -^-27 
2x 2 


Solution 


q Step 1. Remove the parentheses and the oppo- 
site symbol and rewrite the expression, 
^y.^] but change all the signs. 


—8xy 3 + -At ~ 27 
2x~ 


= 8xy 3 - Ar + 27 
2x 2 


( \ 

Change all the signs, not just the first 
one. This mistake is very common. 



If a minus (-) symbol immediately precedes parentheses that enclose an 
algebraic expression, mentally think of the minus symbol as meaning 
"add the opposite." Then remove the parentheses and rewrite the algebraic 
expression, but change all the signs. 


Problem Simplify 10 — (3x 3 — 7x 2 + 2x). 



Solution 

Step 1. Mentally think of the minus symbol as “H— 

10 H—(3x — 7x 2x) 

Do this mentally. 


Step 2. Remove the parentheses and rewrite the algebraic expression, but 
with all the signs changed. 

10 - (3x 3 - 7x 2 + 2x) = 10 - 3x 3 + 7x 2 - 2x 



If a constant immediately precedes parentheses that enclose an algebraic 
expression, apply the distributive property to remove the parentheses. 
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Problem Simplify 2(x + 5). 

Solution 

Step 1. Apply the distributive property. 
2(x + 5) 

= 2-X + 2-5 
= 2x 10 


2(x + 5) ^ 2x + 5. You must 
multiply the 5 by 2 as well. 



Exercise 6 

1. Name the variable(s) and constant(s) in the expression 2nr, where r is the 
measure of the radius of a circle. 

For 2-4, state the numerical coefficient of the variable. 

2. —12y 4. |x 

3. z 


For 5-12, find the value of the algebraic expression whenx = 9 ,y = -2, andz = -3. 

x 2 — 8x — 9 
2y + x(y -z) 

(x + y) 2 
x 2 ~y 2 

(y + z)- 3 

-6z + y 3 

For 13-15, find the variable using the formula given. 

1 

13. Find A when b = 12 and h = 8 using the formula A = —bh. 

1 , 

14. Find V when r = 5 and h = 18 using the formula V = -nr h. Use n = 3.14. 

15. Find c when a = 8 and b = 15 using the formula c 2 = a 2 + b 2 . 


5. — 5x 

6. 2xyz 

7 6(x +1) 

5Vx-10 

o —2|y| + 5(2x-y) 


9. 

10 . 

11 . 

12 . 
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For 16-20, simplify by removing parentheses. 


16. - 


-~xY + 7xy 3 -30 


17. (8a 3 + 64b 3 ) 


18. —4 — (—2y 3 ) 

19. —3(x + 4) 

20. 12 + (x 2 + y) 
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Rules for Exponents 


In Chapter 4, you learned about the various types of exponents that you 
might encounter in algebra. In this chapter, you learn about the rules for 
exponents—which you will find useful when you simplify algebraic expres¬ 
sions. The following rules hold for all real numbers x and / and all rational 
numbers m, n, and p, provided that all indicated powers are real and no 
denominator is 0. 

Product Rule 

Product Rule for Exponential Expressions with the Same Base 

x m x n = x m+n 


This rule tells you that when you multiply 
exponential expressions that have the same base, 
you add the exponents and keep the same base. 


If the bases are not the same, don't 
use the product rule for exponential 
expressions with the same base. 


Problem Simplify. 
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Solution 


a. x 2 x 3 



Step 1. Check for exponential expressions that have the same base. 


x 2 and x 3 have the same base, namely, x. 


Step 2. Simplify x 2 x 3 . Keep the base x and add 
the exponents 2 and 3. 


2 3 2+3 5 

X X = X = X 


xV x 2 ' 3 = x 6 . When multiplying, 
add the exponents of the same base, 
don't multiply them. 



Step 1. Check for exponential expressions that have the same base. 


x 2 and / 5 do not have the same base, so the 
product cannot be simplified. 


x 2 /^ (xy) 7 . This is a common 
error that you should avoid. 



c. x 2 x 7 y 3 y 5 


Step 1. Check for exponential expressions that have the same base. 


x 2 x 7 yY 


x 2 and x 7 have the same base, namely, x, and y 3 and y 5 have the 
same base, namely,/. 


Step 2. Simplify x 2 x' and y 3 y 5 . For each, keep the base and add the 
exponents. 


2735 2+7 3+5 9 8 

XX// — x ' y ' — x y 


Quotient Rule 

Quotient Rule for Exponential Expressions with the Same Base 

m 

— = x m -y x ^0 
x" 

This rule tells you that when you divide expo¬ 
nential expressions that have the same base, you 
subtract the denominator exponent from the 
numerator exponent and keep the same base. 


If the bases are not the same, don't 
use the quotient rule for exponential 
expressions with the same base. 












76 


Easy Algebra Step-by-Step 


Problem Simplify. 




xV 

*y 



Solution 


a. 




Step 1. Check for exponential expressions that have the same base. 


x 

x 3 

x 5 and x 3 have the same base, namely, x. 
x 5 

Step 2. Simplify —. Keep the base x and subtract 

x 3 

the exponents 5 and 3. 


iL = x 5 -3 = x 2 

X 


4*x 5/3 . When dividing, 
x 

subtract the exponents of the 
same base, don't divide them. 


b. 


Step 1. Check for exponential expressions that have 
the same base. 

/ 

x 2 


— \ . This is a common 


x fxj 

error that you should avoid. 


y 5 and x 2 do not have the same base, so the quotient cannot be 
simplified. 
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C. 


x 7 y 5 

x y 


Step 1. Check for exponential expressions that have the same base. 

xy 

xY 

x 1 and x 2 have the same base, namely, x, and y J and y 3 have the 
same base, namely,/. 

x 7 V 5 

Step 2. Simplify —- and y. For each, keep the base and subtract the 


x 


y 


exponents. 

x/ 


d. 


Step 1. Check for exponential expressions that have the same base. 

x 3 

x 10 


x' and x 10 have the same base, namely, x. 


JC 

Step 2. Simplify ——. Keep the base x and subtract the exponents 3 and 10. 


x 


X — v 3-10 _ -7 

x 10 


Step 3. Express x 7 as an equivalent exponential expression with a positive 
exponent. 


x~ 7 = — 
x 7 


When you simplify expressions, 
make sure your final answer does 
not contain negative exponents. 


Rules for Powers 

Rule for a Power to a Power 

(x m ) p = x mp 




This rule tells you that when you raise an exponential expression to a 
power, keep the base and multiply exponents. 
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Problem Simplify. 

a. (x 2 ) 3 

b. (y 3 ) 5 


Solution 

a. (x 2 ) 3 



Keep the same base x and multiply the 
exponents 2 and 3. 

(x 2 ) 3 = x 2 ' 3 = X 6 


r \ 

(x 2 ) 3 ^ x 5 . For a power to a power, 
multiply exponents, don't add. 


b. (y 3 ) 5 



Step 1. Keep the same base y and multiply the exponents 3 and 5. 


/ 3\5 3-5 

(y) =y =y 


15 



Rule for the Power of a Product 

(xy) p = x p y p 


This rule tells you that a product raised to 
a power is the product of each factor raised to 
the power. 


Confusing the rule (xy) p = x p y p 
with the ru\ex m x n = x m+n is a 
common error. Notice that the rule 
(xy) p = x p y p has the same exponent 
and different bases, while the rule 
x m x" = x m+n has the same base and 
different exponents. 


Problem Simplify. 

a. (xy) 6 

b. (4x) 3 

c. (x 3 y 2 z) 4 




Solution 

a. (xy) 6 

Step 1. Raise each factor to the power of 6. 
{xyf = x 6 / 

b. (4x) 3 

Step 1. Raise each factor to the power of 3. 
(4x) 3 = 4 3 x 3 = 64x 3 
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c. (x 3 y 2 z) 4 

Step 1. Raise each factor to the power of 4. 

(xyz) 4 = (x 3 ) 4 (/) 4 (z) 4 = X 12 7 V 


Rule for the Power of a Quotient 

fxf x p 
— = —, y ^ 0 

ly J y p 

This rule tells you that a quotient raised to a power is the quotient of 
each factor raised to the power. 

Problem Simplify. 


a. 

3 

X 


b. 

— 4x^ 
5y 



Solution 



Step 1. 


Raise each factor to the power of 4. 
/ 3 \ 4 _ (3) 4 _ 81 

Ui (x) 4 x 4 


b. 


—4x 

. 5y , 


Step 1. 


Raise each factor to the power of 3. 

—4x f = (—4x) 3 = (—4) 3 (x) 3 = — 64x 3 
, 5 \y (5y) 3 (5) 3 (/) 3 125/ 3 


64x 3 

125/ 3 


Rules for Exponents Summary 

You must be very careful when simplifying using rules for exponents. For 
your convenience, here is a summary of the rules. 
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Rules for Exponents 

1. Product Rule for Exponential Expressions with the Same Base 

x m x n = x m+n 

2. Quotient Rule for Exponential Expressions with the Same Base 

^ = x m - n ,x ^0 
x n 

3. Rule for a Power to a Power 

(xT = x mp 

4. Rule for the Power of a Product 

[xyf = x p y p 


5. Rule for the Power of a Quotient 


x p 

= —,y : 

y p 


Notice there is no rule for the power of a sum [e.g., (x + yf] or for the 
power of a difference [e.g., (x — yf]. Therefore, an algebraic sum or differ¬ 
ence raised to a power cannot be simplified using only rules for exponents. 


Problem Simplify using only rules for exponents. 

a. [xyf 

b. (x + y) 2 

c. (x - y) 2 

d. (x + y) 2 (x + y) 3 

e [x -y f 

(x - yf 


Solution 

a. (xy) 2 


Step 1. This is a power of a product, so square each factor. 
(xyf = x 2 y 2 
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b. (x + yf 


n Step 1. This is a power of a sum. It cannot 
pff be simplified using only rules for 

exponents. 


(x + yf * x 2 + y 2 ! (x + y) 2 = (x + y)(x + y) 
= x 2 + 2xy + y 2 (which you will learn in 
Chapter 9). This is the most common error 
that beginning algebra students make. 


(x + yf is the answer, 
c. (x - yf 


(x-yfW-y 2 ! 


q Step 1. This is a power of a difference. It cannot be simplified 
ufjfl using only rules for exponents. 

(x — yf is the answer. 


d. (x + y) 2 (x + yf 


Step 1. 


This is a product of expressions with the 
same base, namely, (x + y). Keep the base 
and add the exponents. 

(x + yf(x + j) 3 = (x + yf +3 = (x + yf 


When a quantity enclosed in a 
grouping symbol acts as a base, you 
can use the rules for exponents to 
simplify as long as you continue to 
treat the quantity as a base. 


Step 2. (x + yf is a power of a sum. It cannot be 
simplified using only rules for exponents. 


(x + yf is the answer. 



e 

(x - yf 

Step 1. This is a quotient of expressions with the same base, namely, (x — y). 
Keep the base and subtract the exponents. 


C* - yf 

C x-yf 


( X -yf-l = ( X -yf 


Step 2. (x — yf is a power of a difference. It cannot be simplified using only 
rules for exponents. 


(x — yf is the answer. 
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Exercise 7 

Simplify using only rules for exponents. 


1. x 4 x 8 9 

2. xVy 6 / 





4. 


x 5 y 5 

x 2 y 4 


5. 


12. (2x +1) 2 

13. (3x — 5) 3 

14. (x + 3)(x + 3) 2 


6. (x 2 ) 5 

7. (xy) 5 


15. 


(2x - y) 15 
(2x - y) 5 


8. (—5x) 3 


9. (2x s yz 3 ) 4 
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Adding and Subtracting 
Polynomials 


In this chapter, you learn how to add and subtract polynomials. It begins 
with a discussion of the elementary concepts that you need to know to ensure 
your success when working with polynomials. 


Terms and Monomials 

In an algebraic expression, terms are the parts of the expression that are 
connected to the other parts by plus or minus symbols. If the algebraic 
expression has no plus or minus symbols, then the algebraic expression itself 
is a term. 

Problem Identify the terms in the given expression. 

a. — 8xy 3 + - 27 

2x 2 

b. 3x 5 


Solution 



a. ^8xy 3 + -A- - 27 
2x 2 

Step 1. The expression contains plus and minus symbols, so identify the 
quantities between the plus and minus symbols. 

3 5 

The terms are —8xy , — tt, and 27. 

2x 2 
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b. 3x 5 



Step 1. There are no plus or minus symbols, so the expression is a term. 

The term is 3x D . 

A monomial is a special type of term that when sim¬ 
plified is a constant or a product of one or more variables 
raised to nonnegative integer powers, with or without an 
explicit coefficient. 


In monomials, no 
variable divisors, negative 
exponents, or fractional 
exponents are allowed. 


Problem Specify whether the term is a monomial. Explain your answer, 
a. —8xy 3 



c. 0 


d. 3x 5 

e. 27 

f. 4x~V 

g. 6Vx 


Solution 

a. -8xy 3 



Step 1. Check whether —8xy 3 meets the criteria for a monomial. 

—8xy 3 is a term that is a product of variables raised to positive integer 
powers, with an explicit coefficient of —8, so it is a monomial. 



2x 2 


Step 1. Check whether —- 

2x 2 


meets the criteria for a monomial. 


5 

—- is a term, but it contains division by a variable, so it is not a 
2x 2 

monomial. 


c. 0 


q Step 1. Check whether 0 meets the criteria for a monomial. 
0 is a constant, so it is a monomial. 
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d. 3x 5 

1. Check whether 3x 3 meets the criteria for a monomial. 

3x 5 is a term that is a product of one variable raised to a positive 
integer power, with an explicit coefficient of 3, so it is a monomial. 





e. 27 

Step 1. Check whether 27 meets the criteria for a monomial. 

27 is a constant, so it is a monomial. 

f. 4x y 

Step 1. Check whether 4x~ 3 / 2 meets the criteria for a monomial. 

4x~ 3 / 2 contains a negative exponent, so it is not a monomial. 


g. 6Vx 

Step 1. Check whether 6\[x meets the criteria for a monomial. 
i 

6^/x = 6x 2 contains a fractional exponent, so it is not a monomial. 


Polynomials 

A polynomial is a single monomial or a sum of monomials. A polynomial 
that has exactly one term is a monomial. A polynomial that has exactly 
two terms is a binomial. A polynomial that has exactly three terms is a 
trinomial. A polynomial that has more than three terms is just a general 
polynomial. 

Problem State the most specific name for the given polynomial. 

a. x 2 -1 

b. 8 a 3 + 64b 3 

c. x 2 + 4x -12 


e. -2x 5 + 5x 4 - 3x 3 - 7x 2 + x + 4 
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Solution 

a. x 2 -1 

Step 1. Count the terms of the polynomial. 
x 2 — 1 has exactly two terms. 

Step 2. State the specific name. 
x 2 — 1 is a binomial. 



b. 8 a 3 + 64 b 3 

Step 1. Count the terms of the polynomial. 

8a 3 + 64 b 3 has exactly two terms. 
Step 2. State the specific name. 

8a 3 + 64 b 3 is a binomial. 



c. x 2 + 4x -12 

Step 1. Count the terms of the polynomial. 

x 2 + 4x —12 has exactly three terms. 

Step 2. State the specific name. 

x 2 + 4x —12 is a trinomial. 


d. -x 2 z 3 
3 



Count the terms of the polynomial. 
^x 2 z 3 has exactly one term. 


Step 2. State the specific name. 

—x 2 z 3 is a monomial. 

3 



e. -2x 5 + 5x 4 - 3x 3 - 7x 2 + x + 4 
Step 1. Count the terms of the polynomial. 

—2x :> + 5x 4 — 3x 3 — 7x 2 + x + 4 has exactly six terms. 

Step 2. State the specific name. 

—2x 5 + 5x 4 — 3x 3 — 7x 2 + x + 4 is a polynomial. 
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Like Terms 

Monomials that are constants or that have exactly the same variable factors 
(i.e., the same letters with the same corresponding exponents) are like terms. 
Like terms are the same except, perhaps, for their coefficients. 

Problem State whether the given monomials are like terms. Explain your 
answer. 

a. —lOx and 25x 

b. 4x 2 y 3 and -7x 3 y 2 

c. 100 and 45 

d. 25 and 25x 



Solution 

a. —lOx and 25x 

Step 1. Check whether —lOx and 25x meet the criteria for like terms. 

—lOx and 25x are like terms because they are exactly the same except 
for their numerical coefficients. 


b. 4x 2 y 3 and — 7x 3 y 2 


q Step 1. Check whether 4x 2 / 3 and — 7x 3 / 2 meet the criteria for like terms. 

4x 2 / 3 and —7x 3 / 2 are not like terms because the corresponding 
■■■ exponents on x and y are not the same. 


c. 100 and 45 




Step 1. Check whether 100 and 45 meet the criteria for like terms. 

100 and 45 are like terms because they are both constants. 

d. 25 and 25x 

Step 1. Check whether 25 and 25x meet the criteria for like terms. 

25 and 25x are not like terms because they do not contain the same 
variable factors. 


Finally, monomials that are not like terms are unlike terms. 
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Addition and Subtraction of Monomials 

Because variables are standing in for real numbers, you can use the proper¬ 
ties of real numbers to perform operations with polynomials. 



Addition and Subtraction of Monomials 

1. To add monomials that are like terms, add their numerical coeffi¬ 
cients and use the sum as the coefficient of their common variable 
component. 

2. To subtract monomials that are like terms, subtract their numerical 
coefficients and use the difference as the coefficient of their common 
variable component. 

3. To add or subtract unlike terms, indicate the addition or subtraction. 


Problem Simplify. 

a. —1 Ox + 25x 

b. 4x 2 y 3 - 7x 3 y 2 

c. 9x 2 + 3x 2 - 7x 2 

d. 25 + 25x 

e. 5x 2 — 7x 2 



Solution 

a. —1 Ox + 25x 

Step 1. Check for like terms. 

—lOx + 25x 

—lOx and 25x are like terms. 


Step 2. Add the numerical coefficients. 
-10 + 25 = 15 

Step 3. Use the sum as the coefficient of x. 
—10x+ 25x= 15x 



b. 4x 2 y 3 - 7x 3 y 2 

Step 1. Check for like terms. 

4x 2 y 3 - 7X 3 / 2 


—1 Ox + 25x =£ 15x 2 . In addition 
and subtraction, the exponents 
on the variables do not change. 
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4xV' and 7xV 2 are not like terms, so leave the problem as indicated 
subtraction: 4xV ! — 7 x 3 y 2 . 



c. 9x 2 + 3x 2 - 7x 2 
Step 1. Check for like terms. 

9x 4“ 3x — 7x“ 

9x 2 , 3x 2 , and 7x 2 are like terms. 


Step 2. Combine the numerical coefficients. 
9 + 3 — 7 = 5 

Step 3. Use the result as the coefficient of x 2 . 
9x 4” 3x — lx — 5x 


d. 25 + 25x 

Step 1. Check for like terms. 

25 + 25x 

25 and 25x are not like terms, so leave the 
problem as indicated addition: 25 4- 25x. 

e. 5x 2 - 7x 2 

Step 1. Check for like terms. 

5x 2 - 7x 2 

5x 2 and 7x 2 are like terms. 

Step 2. Subtract the numerical coefficients. 

5-7=-2 

Step 3. Use the result as the coefficient of x 2 . 

5x 2 - 7x 2 = — 2x 2 

Combining Like Terms 

When you have an assortment of like terms in the same expression, system¬ 
atically combine matching like terms in the expression. (For example, you 
might proceed from left to right.) To organize the process, use the properties 



25 + 25x it 50x. These are not 
like terms, so you cannot combine 
them into one single term. 
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of real numbers to rearrange the expression so that matching like terms are 
together (later, you might choose do this step mentally). If the expression 
includes unlike terms, just indicate the sums or differences of such terms. 
To avoid sign errors as you work, keep a — symbol with the number that fol¬ 
lows it. 


Problem Simplify 4x 3 + 5x 2 — lOx + 25 + 2x 3 — 7x 2 — 5. 


Solution 



Step 1. Check for like terms. 

4x 4- 5x — lOx + 25 4- 2x — 7x — 5 

The like terms are 4x 3 and 2x 3 , 5x 2 and 7x 2 , and 25 and 5. 


Step 2. Rearrange the expression so that like terms are together. 

4x 4- 5x — lOx 4- 25 4- 2x — 7x^ — 5 
= 4x 4- 2x 4- 5x" — 7x — lOx 4~ 25 — 5 

Step 3. Systematically combine matching like 
terms and indicate addition or subtrac¬ 
tion of unlike terms. 

— 6x 4—2x — lOx 4~ 20 

= 6x — 2x" — lOx 4- 20 

Step 4. Review your main result. 


When you are simplifying, 
rearrange so that like terms are 
together and can be done mentally. 
However, writing out this step helps 
you avoid careless errors. 



Because H— is equivalent to -, 
it is customary to change H— to 
simply — when you are simplifying 
expressions. 


4x 4- 5x" — lOx 4~ 25 4- 2x — lx" — 5 — 6x — 2x~ — lOx 4- 20 


Addition and Subtraction of Polynomials 



Addition of Polynomials 

To add two or more polynomials, add like monomial terms and simply 
indicate addition or subtraction of unlike terms. 


Problem Perform the indicated addition. 

a. (9x 2 — 6x 4- 2) 4- [—lx 2 — 5x 4- 3) 

b. (4x 3 + 3x 2 - x 4- 8) + (8x 3 + 2x -10) 
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Solution 

a. (9x 2 - 6x + 2) + (—7x 2 - 5x + 3) 

Step 1. Remove parentheses. 

(9x — 6x ~P 2) -p (—lx — 5x ~P 3) 

= 9x — 6x ~P 2 — lx — 5x ~P 3 

Step 2. Rearrange the terms so that like terms are together. (You might do 
this step mentally.) 

= 9x" — lx — 6x — 5x ~P 2 -p 3 


Step 3. 


Step 4. 


Systematically combine matching like terms and 
indicate addition or subtraction of unlike terms. 

= 2x 2 — llx + 5 


Review the main steps. 

(9x“ — 6x ~P 2) -p (—lx — 5x "P 3) 


You should write 
polynomial answers in 
descending powers of a 
variable. 


— 9x — 6x “P 2 — lx — 5x “P 3 — 2x — 1 lx ~P 5 



b. (4x 3 + 3x 2 - x + 8) + (8x 3 + 2x -10) 

Step 1. Remove parentheses. 

(4x -p 3x — x -p 8) ~P (8x -p 2x —10) 
= 4x -p 3x“ — x "P 8 ~P 8x -p 2x —10 


Step 2. Rearrange the terms so that like terms are together. (You might do 
this step mentally.) 

— 4x ~P 8x ~P 3x — x ~P 2x ~P 8 —10 


Step 3. Systematically combine matching like terms and indicate addition 
or subtraction of unlike terms. 

= 12x "P 3x P x — 2 


Step 4. Review the main steps. 

(4x 3x" — x "P 8) "P (8x ~P 2x —10) 

= 4x -p 3x“ — x "P 8 ~P 8x -p 2x —10 
= 12x ~P 3x P x — 2 
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Subtraction of Polynomials 

To subtract two polynomials, add the opposite of the second polynomial. 


You can accomplish subtraction of polynomials by enclosing both poly¬ 
nomials in parentheses and then placing a minus symbol between them. 
Of course, make sure that the minus symbol precedes the polynomial that is 
being subtracted. 

Problem Perform the indicated subtraction. 

a. (9x 2 - 6x + 2) - (—7x 2 - 5x + 3) 

b. (4x 3 + 3x 2 - x + 8) - (8x 3 + 2x -10) 

Solution 

a. (9x 2 - 6x + 2) - {—lx 1 - 5x + 3) 

Step 1. Remove parentheses. 

(9x“ — 6x -I - 2) — (—lx — 5x 3) 

— 9x" — 6x —f- 2 —|— lx -I - 5x — 3 

Step 2. Systematically combine matching like terms and indicate addition 
or subtraction of unlike terms. 

= 16x 2 — x — 1 

Step 3. Review the main steps. 

(9x 2 — 6x + 2) — (—7x 2 — 5x + 3) 

= 9x — 6x —|— 2 —|— lx "T 5x — 3 16x — x — 1 


Be careful with signs! Sign 
errors are common mistakes for 
beginning algebra students. 



b. (4x 3 + 3x 2 - x + 8) - (8x 3 + 2x -10) 

Step 1. Remove parentheses. 

(4x -I - 3x — x ~h 8) — (8x + 2x — 10) 
— 4x -j- 3x — x -\~ 8 — Sx — 2x -h 10 
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Step 2. Systematically combine matching like terms and indicate addition or 
subtraction of unlike terms. 

— —4x + 3x" — 3x “P18 
Step 3. Review the main steps. 

(4x 3” 3x“ — x 3~ 8) — (8x + 2x —10) 

= 4x 3~ 3x" — x 3~ 8 — 8x — 2x + 10 
= —4x 3- 3x" — 3x 3~ 18 



Exercise 8 

For 1-5, state the most specific name for the given polynomial. 


1. x 2 — x 3- 1 

2. 125x 3 — 64y 3 

3. 2x 2 + 7x-4 


4. -±x 5 y 2 

5. 2x 4 + 3x 3 -7x 2 -x + 8 


For 6-14, simplify. 

6. —15x 3- 17x 

7. 14xy 3 -7x 3 y 2 

8. 1 Ox 2 — 2x 2 — 20x 2 

9. 10 + 1 Ox 

10. 12x 3 — 5x 2 + 10x — 60 + 3x 3 — 7x 2 — 1 

11. (1 Ox 2 — 5x + 3) + (6x 2 + 5x — 13) 

12. (20x 3 - 3x 2 - 2x + 5) + (9x 3 + x 2 + 2x -15) 

13. (1 Ox 2 - 5x + 3) - (6x 2 + 5x -13) 

14. (20x 3 - 3x 2 - 2x + 5) - (9x 3 + x 2 + 2x - 15) 
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Multiplying Polynomials 


This chapter presents rules for multiplying polynomials. You use the properties 
of real numbers and the rules of exponents when you multiply polynomials. 


Multiplying Monomials 


Multiplying Monomials 

To multiply monomials, (1) multiply the numerical coefficients, (2) multiply 
the variable factors using rules for exponents, and (3) use the product of the 
numerical coefficients as the coefficient of the product of the variable factors 
to obtain the answer. 



Problem Find the product. 

a. (5x 5 y 3 )(3x 2 y 6 ) 

b. (~2a 3 b 4 )(8ab 2 ) 

c. (6x)(-2x) 

d. (—1 0 x 3 )(4x 2 ) 

e. (4x 2 y 5 )(-2xy 3 )(-3xy) 

f. (x)(2) 
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Solution 


a. (5x 5 y 3 )(3x 2 y 6 ) 


q Step 1. Multiply the numerical coefficients. 
y-] (5)(3) = 15 

Step 2. Multiply the variable factors. 

(xY)(xY) = xy 


To streamline your work when 
you are multiplying polynomials, 
arrange the variables in each term 
alphabetically. 


Step 3. 


Use the product in Step 1 as the coefficient Recall from Chapter 7 that 


of*y. 

(5xY)(3xY) = 15xy 


when you multiply exponential 
expressions that have the same 
base, you add the exponents. 



b. (-2aV)(8ab 2 ) 

Step 1. Multiply the numerical coefficients. 
(-2)(8) = -16 

Step 2. Multiply the variable factors. 
(a 3 b 4 )(ab 2 ) = a 4 b 6 


If no exponent is written on 
a variable, the exponent is 
understood to be 1. 


Step 3. 


Use the product in step 1 as the coefficient of a 


V. 


(-2a 3 b 4 )(8ab 2 ) =-16a 4 b 6 


c. (6x)(-2x) 


n Step 1. Multiply the numerical coefficients. 

( 6 )(— 2 ) = -12 

Step 2. Multiply the variable factors. 

(x)(x) = x 2 

Step 3. Use the product in step 1 as the coefficient of x 2 . 
(6x)(—2x) = —12x 2 


d. (—1 0 x 3 )(4x 2 ) 

Step 1. Multiply the numerical coefficients. 
(—10)(4) = -40 
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Step 2. Multiply the variable factors. 

(x 3 )(x 2 ) = x 5 

Step 3. Use the product in step 1 as the coefficient of x'\ 
(—10x 3 )(4x 2 ) = — 40x 5 



e. (4x 2 y 5 )(-2xy 3 )(-3xy) 

Step 1. Multiply the numerical coefficients. 
(4)(—2)(—3) = 24 

Step 2. Multiply the variable factors. 
(x 2 /)(xk 3 )(xk) = x 4 y 9 


Step 3. 


Use the product in step 1 as the coefficient of x 4 y 9 . 
(4x 2 / 5 )(—2x/ 3 )(-3xy) = 24 x 4 y 9 



f. M(2) 

Step 1. Multiply the numerical coefficients. 

(f)(2) = 2 

Step 2. Multiply the variable factors. 

There is only one variable factor, x. 

Step 3. Use the product in step 1 as the coefficient of x. 
(x)(2) = 2x 


Multiplying Polynomials by Monomials 



Multiplying a Polynomial by a Monomial 

To multiply a polynomial by a monomial, multiply each term of the polyno¬ 
mial by the monomial. 


This rule is a direct application of the distributive property for real 
numbers. 
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Problem Find the product. 

a. 2(x + 5) 

b. x(3x — 2) 

c. —8a 3 b 5 (2a 2 - lab 1 - 3) 

d. x 2 (2x 4 + 4x 3 - 3x + 6) 



Solution 

a. 2(x + 5) 

Step 1. Multiply each term of the polynomial by the monomial. 
2(x + 5) 


= 2 • x + 2 • 5 



— 2x -F 10 
b. x(3x - 2) 

Step 1. Multiply each term of the polynomial by the monomial. 
x(3x — 2) 

= x ■ 3x — x ■ 2 


= 3X 2 — 2x 


c. —8a 3 b 5 (2a 2 - lab 2 - 3) 



Step 1. Multiply each term of the polynomial by 
the monomial. 

—8a 3 b 5 (2a 2 — lab 1 — 3) 

= (~8a 3 b 5 )(2a 2 ) - (-8a 3 b 5 )(7ab 2 ) - (~8a 3 b s )(3) 


Be careful! Watch your exponents 
when you are multiplying 
polynomials by monomials. 


= -16 a 5 b s + 56 a 4 b 7 + 24aV 



d. x 2 (2x 4 + 4x 3 — 3x + 6) 

Step 1. Multiply each term of the polynomial by the monomial, 
x (2x “F 4x — 3x ~F 6) 

= x 2 • 2x 4 + x 2 • 4x 3 — x 2 • 3x + x 2 • 6 


= 2x 6 + 4x 5 - 3x 3 + 6x 2 
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Multiplying Binomials 



Multiplying Two Binomials 

To multiply two binomials, multiply all the terms of the second binomial by each 
term of the first binomial and then simplify. 


Problem Find the product. 

a. (2x + 3)(x - 5) 

b. (a + b)(c + d) 


Solution 


a. (2x + 3)(x - 5) 



Multiply all the terms of the second binomial by each term of the 
first binomial. 

(2x + 3)(x — 5) 


= 2x • x + 2x • —5 + 3 • x + 3 • —5 Note: Mentally do this step. 
= 2x 2 — lOx + 3x —15 
Step 2. Simplify. 

= 2x 2 — 7x —15 


(2x + 3)(x - 5) * lx 2 - 15. Don't 
forget about —10 -j-3x! 


Step 3. Review your main result. 

(2x + 3)(x — 5) = 2x 2 — 7x —15 



b. (a + b)(c + d ) 

Step 1. Multiply all the terms of the second binomial by each term of the 
first binomial. 

(a + b)(c + d) 


= a- c + a- d + b- c + b- d Note: Mentally do this step. 
= ac + ad + be + bd 


Step 2. Simplify. 

There are no like terms, so ac + ad + bc + bd is simplified. 
Step 3. Review your main result. 

(a + b)(c + d) = ac + ad + be + bd 
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The FOIL Method 

From the last problem, you can see that to find the product of two binomi¬ 
als, you compute four products, called partial products, using the terms of 
the two binomials. The FOIL method is a quick way to get those four partial 
products. Here is how FOIL works for finding the four partial products for 
(a + b)(c + d). 

Be aware that the FOIL method works only 

1. Multiply the two First terms: a ■ c. for the product of two binomials. 

2. Multiply the two Outer terms: a ■ d. 

3. Multiply the two Inner terms: b ■ c. 

4. Multiply the two Last terms: b ■ d. 

Notice that FOIL is an acronym for first, outer, inner, and last. The inner and 
outer partial products are the middle terms. 

Here is an example. 


Forgetting to compute the middle terms 
is the most common error when finding 
the product of two binomials. 


Last 


First 


1 

ll 1 


(2x + 3)(x - 5) = 2x 2 

I u t 

Inner 

Outer 


10x + 3x — 15 = 2x 2 - 7x- 15 


Problem Find the product using the FOIL method. 

a. (5x + 4)(2x - 3) 

b. (x - 2)(x - 5) 

c. (x - 2)(x + 5) 

d. (x + yf 
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Solution 

a. (5x + 4)(2x — 3) 

Step 1. Find the partial products using the acronym FOIL. 
(5x + 4)(2x - 3) 


= 5x • 2x + 5x • —3 + 4_- 2x + 4 • -3 Note: Mentally do this step. 
First Outer Inner Last 

= 10x 2 — 15x + 8x —12 


Step 2. Simplify. 

= 10x 2 - 7x - 12 


Step 3. Review your main result. 

(5x + 4)(2x - 3) = 10x 2 — 7x — 12 



b. (x — 2)(x — 5) 

Step 1. Find the partial products using the acronym FOIL, 
(x — 2)(x — 5) 

= x • x + x • —5 + —2 • x + — 2 • — 5 
First Outer Inner Last 

= x 2 — 5x — 2x +10 

Step 2. Simplify. 

— x — 7x 4“ 10 

Step 3. Review your main result. 

(x — 2)(x + 5) = x 2 — 7x + 10 



c. (x — 2)(x + 5) 

Step 1. Find the partial products using the acronym FOIL, 
(x — 2)(x + 5) 

= x • x + x- 5 + — 2 • x + .—2 • 5 
First Outer Inner Last 

= x 2 + 5x — 2x — 10 
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Step 2. Simplify. 

= x -f- 3x —10 

Step 3. Review your main result. 

(x — 2)(x + 5) = x 2 + 3x —10 

d. (x + y) 2 

Step 1. Write as a product. 

(x + yf = (x + y)(x + y) 

Step 2. Find the partial products using the acro¬ 
nym FOIL. 

= x ■ x + x ■ y + y- x+ y- y = x 2 + xy + xy + y 2 
First Outer Inner Last Middle terms 

Step 3. Simplify. 

= x 2 + 2xy + y 2 

Step 4. Review the main steps. 

(x + y) 2 = (x + y)(x + y) = x 2 + 2xy + y 2 

Multiplying Polynomials 

Multiplying Two Polynomials 

To multiply two polynomials, multiply all the terms of the second polynomial by 
each term of the first polynomial and then simplify. 

Problem Find the product. 

a. (2x - 1)(3x 2 - 5x + 4) 

b. (4x 2 + 2x - 5)(2x 2 - x - 3) 

c. (x - 2)(x 2 + 2x + 4) 


As your skills improve, practice 
mentally reviewing the main steps. 



(x + y) 2 3= x 2 + y 2 ! Don't forget 
the middle terms! 


Put variable factors in alphabetical 
order. 
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Solution 

a. (2x — 1)(3x 2 — 5x + 4) 

Step 1. Multiply all the terms of the second polynomial by each term of the 
first polynomial. 

(2x - l)(3x 2 - 5x + 4) 

= 2x • 3x 4~ 2x • —5x 4- 2x *44— 1 • 3x~ 4— 1 • —5x 
4—5x 4-1-4 Note-. Mentally do this step. 


= 6x 3 — 10x 2 4- 8x — 3x 2 4- 5x — 4 


Step 2. Simplify. 

= 6x — 13x 4~ 13x — 4 



b. (4x 2 4- 2x — 5)(2x 2 — x — 3) 

Step 1. Multiply all the terms of the second polynomial by each term of the 
first polynomial. 

(4x 2 + 2x - 5)(2x 2 - x - 3) 


— 4x“ • 2x 4- 4x • —x 4~ 4x^ • —3 4- 2x • 2x 4- 2x • —x 4- 2x • —3 4- 
—5 • 2x 2 4—5 • —x 4—5 • ^3 


= 8x 4 - 4x 3 - 12x 2 + 4x 3 - 2x 2 - 6x - 10x 2 4- 5x + 15 


Step 2. Simplify. 

= 8x 4 — 24x 2 — x 4-15 



c. (x - 2)(x 2 + 2x + 4) 

Step 1. Multiply all the terms of the second polynomial by each term of the 
first polynomial. 

(x — 2)(x 4~ 2x 4~ 4) 


— x • x 4“ x • 2x 4“ x • 4 4—2 • x 4—2 • 2x 4—2 • 4 


— x 4~ 2x 4~ 4x — 2x“ — 4x — 8 


Step 2. Simplify. 
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Special Products 


The answer to part c of the last problem is an example of the “difference of 
two cubes.” It is a special product. Here is a list of special products that you 
need to know for algebra. 


Special Products 



Memorizing special products is a 
winning strategy in algebra. 


Perfect Squares 

(x + y) 2 = x 2 + 2 xy + y 2 
(x - y) 2 = x 2 - 2xy + y 2 

Difference of Two Squares 

(x + y)(x - y) = x 2 - y 2 

Perfect Cubes 

(x + yf = x 3 + 3x 2 y + 3xy 2 + y 3 
(x — yf = x 3 — 3x 2 y + 3xy 2 — y 3 

Sum of Two Cubes 

(x + y)(x 2 -xy + y 2 ) = x 3 + y 3 

Difference of Two Cubes 

(x - y)(x 2 + xy + y 2 ) = x 3 - y 3 



Exercise 9 


Find the product. 

1. (4x 5 y 3 )(—3x 2 y 3 ) 

2. (—8a 4 fc> 3 )(5afc> 2 ) 

3. (— 10x 3 )(—2x 2 ) 

4. (—3x 2 y 5 )(6xy 4 )(—2xy) 

5. 3(x — 5) 

6. x(3x 2 - 4) 

7. —2a 2 b 3 (3a 2 — 5ab 2 — 10) 

8. (2x — 3)(x + 4) 

9. (x + 4)(x + 5) 

10. (x — 4)(x — 5) 

11. (x + 4)(x — 5) 


12. (x-4)(x + 5) 

13. (x — 1)(2x 2 — 5x + 3) 

14. (2x 2 + x — 3)(5x 2 — x — 2) 

15. (x-y) 2 

16. (x + y)(x — y) 

17. (x + y) 3 

18. (x-y) 3 

19. (x + y)(x 2 — xy + y 2 ) 

20. (x - y)(x 2 + xy + y 2 ) 
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Simplifying Polynomial 
Expressions 


In this chapter, you apply your skills in multiplying polynomials to the pro¬ 
cess of simplifying polynomial expressions. 


Identifying Polynomial Expressions 

A polynomial expression is composed of poly¬ 
nomials only and can contain grouping symbols, 
multiplication, addition, subtraction, and raising 
to nonzero powers only. 

Problem Specify whether the expression is a polynomial expression. 

a. 5+ 2(o-5) 

b. — 8xy 3 + - 27 

2x 2 

c. (2x - 1)(3x - 4) + (x -1) 2 

d. 4(x~ 3 - y 2 ) + 5(x + y- 1 ) 


f. 2x 2 — x — 4[3x + 5(x - 4)] 


No division by polynomials or 
raising polynomials to negative 
powers is allowed in a polynomial 
expression. 
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Solution 

a. 5 + 2 [a - 5) 


q Step 1. Check whether the expression meets the criteria for a polynomial 
expression. 

5 + 2(a — 5) is composed of polynomials and contains permissible 
components, so it is a polynomial expression. 


b. ~8xy 3 + -^--27 
2x 2 


Step 1. 


Check whether the expression meets the criteria for a polynomial 
expression. 


-8xy 3 + ~ 

2x 2 

division by x 2 . 


27 is not a polynomial expression because it contains 


c. (2x - 1)(3x - 4) + (x -1) 2 


o Step 1. Check whether the expression meets the criteria for a polynomial 
expression. 

■■■ (2x — l)(3x — 4) + (x — l) 2 is composed of polynomials and contains 

permissible components, so it is a polynomial expression. 


d. 4(x~ 3 - y 2 ) + 5(x + y-') 


q Step 1. Check whether the expression meets the criteria for a polynomial 
expression. 

■■■ 4(x -3 — y 2 ) + 5(x + y~ l ) is not a polynomial expression because it is 

not composed of polynomials due to negative exponents. 



e * 2 + y 2 
x 2 — y 2 

Step 1. Check whether the expression meets the criteria for a polynomial 
expression. 


2 , 2 
x + y . 


2 2 
x -/ 


is not a polynomial expression because it contains division 


by a non-constant polynomial. 
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f. 2x 2 — x — 4[3x + 5(x - 4)] 



Check whether the expression meets the criteria for a polynomial 
expression. 

2x 2 — x — 4[3x + 5(x — 4)] is composed of polynomials and contains 
permissible components, so it is a polynomial expression. 


Simplifying Polynomial Expressions 

When you simplify polynomial expressions, you proceed in an orderly fash¬ 
ion so that you do not violate the order of operations for real numbers. After 
all, the variables in polynomials are simply stand-ins for real numbers, so it 
is important that what you do is consistent with the rules for working with 
real numbers. 



Simplifying Polynomial Expressions 

To simplify a polynomial expression: 


1. Simplify within grouping symbols, if any. Start with the innermost 
grouping symbol and work outward. 

2. Do powers, if indicated. 

3. Do multiplication, if indicated. 

4. Simplify the result. 


Problem Simplify. 

a. 5 + 2 (a - 5) 

b. —3(y + 4) + 8y 

c. 9 xy — x(3y — 5x) — 2x 2 

d. (2x - 1)(3x - 4) + (x -1) 2 

e. 2x 2 — x — 4[3x + 5(x — 4)] 

f. 2(x +1) 2 


Solution 

a. 5 + 2 (a - 5) 



Do multiplication: 2 (a — 5). 
5 + 2(a — 5) 

= 5 + 2a-10 
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Step 2. Simplify the result. 

= 2a — 5 

Step 3. Review the main steps. 

5 + 2(a — 5) = 5 + 2a —10 = 2a — 5 


5 + 2(o — 5) ^ 7(o - 5). Do multiplication 
before addition, if no parentheses indicate 
otherwise. 


b. -3(y + 4) + 8y 


q Step 1. Do multiplication: —3 (y + 4). 
-3(y + 4) + 8y 
= - 3 y -12 + 8 y 

Step 2. Simplify the result. 

= 5+-12 


Step 3. Review the main steps. 

—3(/ + 4) + 8y — —3 y —12 + 8+ = 5y —12 



c. 9 xy — x(3y — 5x) — 2x 2 
Step 1. Do multiplication: — x(3y — 5x). 

9xy — x(3y — 5x) — 2x 2 

= 9 xy — 3 xy + 5x 2 — 2x 2 

Step 2. Simplify the result. 

= 3x 2 + 6 xy Write answer in descending powers of x. 


Step 3. Review the main steps. 

9xy — x(3y — 5x) — 2x 2 = 9xy — 3xy + 5x 2 — 2x 2 = 3x 2 + 6 xy 



d. (2x - 1)(3x - 4) + (x -1) 2 
Step 1. Do the power: (x — l) 2 . 

(2x - l)(3x - 4) + (x -1) 2 
= (2x — l)(3x — 4) + x 2 — 2x +1 
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Step 2. Do multiplication: (2x — l)(3x — 4). 

= 6x — llx 4~ 4 4~ x — 2x 4~ 1 

Step 3. Simplify the results. 

= 7x 2 — 13x 4- 5 

Step 4. Review the main steps. 

(2x — l)(3x — 4) 4~ (x — 1) == 6x — 1 lx 4~ 4 4~ x — 2x 4~ 1 — 7x — 13x 4~ 5 



e. 2x 2 — x — 4[3x + 5(x — 4)] 

Step 1. Simplify within the brackets. First, do multiplication: 5(x — 4). 
2x 2 — x — 4[3x 4- 5(x — 4)] 

= 2x 2 — x — 4[3x 4- 5x — 20] 


Step 2. Simplify 3x 4- 5x — 20 within the brackets. 
= 2x 2 — x — 4[8x — 20] 


Step 3. Do multiplication: —4[8x — 20]. 

= 2x 2 — x — 32x 4- 80 

Step 4. Simplify the result. 

= 2x 2 - 33x + 80 

Step 5. Review the main steps. 

2x 2 — x — 4[3x 4- 5(x — 4)] = 2x 2 — x — 4[3x 4- 5x — 20] 

= 2x 2 — x — 4[8x — 20] 


— 2x — x — 32x 4~ 80 — 2x — 33x 4“ 80 



f. 2(x +1) 2 

Step 1. Do the power: (x 4-1) 2 • 
~ 2(x 4~ 2x 4~ 1) 


2(x + 1 ) 2 ^ (2x + 2) 2 . The exponent 
applies only to (x +1). 
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Step 2. Do multiplication: 2(x 2 + 2x +1). 

= 2x -p 4x -p 2 

Step 3. Review the main steps. 

2(x -p 1) = 2(x‘ J -p 2x -p 1) = 2x “P 4x -p 2 



Exercise 10 

Simplify. 


1. 8 + 2(x — 5) 

2. —7(y — 4) + 9y 

3. 10xy — x(5y — 3x) — 4x 2 

4. (3x — 1)(2x — 5) + (x + I) 2 

5. 3x 2 — 4x — 5[x — 2(x — 8)] 

6. -x(x + 4) + 5(x — 2) 

7. (a — 5)(o + 2) — (a — 6)(a — 4) 

8. 5x 2 — (—3xy — 2y 2 ) 

9. x 2 — [2x — x(3x — 1)] -p 6x 

10. (4x 2 y 5 )(-2xy 3 )(-3xy) - 15x 2 y 3 (2x 2 y 6 + 2) 
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Dividing Polynomials 


This chapter presents a discussion of division of polynomials. Division of 

polynomials is analogous to division of real numbers. In algebra, you indi- 

, , r , 16x 3 - 28x 2 

cate division using the traction bar. For example,-, x ^ 0, mdi- 

—4x 

cates 16x 3 — 28X 2 divided by —4x. Because division by 0 is undefined, you 
must exclude values for the variable or variables that would make the divi¬ 
sor 0. For convenience, you can assume such values are excluded as you work 
through the problems in this chapter. 


Dividing a Polynomial by a Monomial 


Customarily, a division problem is a dividend divided by a divisor. When you 
do the division, you get a quotient and a remainder. You express the relation¬ 
ship between these quantities as 

dividend .. . . remainder 

—--= quotient H--- 

divisor divisor 


Be sure to note that the 
remainder is the numerator of the 
, remainder 


expression ' 


divisor 



Dividing a Polynomial by a Monomial 

To divide a polynomial by a monomial, divide each term of the polynomial by 
the monomial. 
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To avoid sign errors when you are doing divi¬ 
sion of polynomials, keep a — symbol with the 
number that follows it. You likely will need to 
properly insert a + symbol when you do this. 

You will see this tactic illustrated in the following problem. 


Sign errors are a major reason for 
mistakes in division of polynomials. 


Problem Find the quotient and remainder. 

16x 3 - 28x 2 

3 ‘ ^4x 

-12x 4 + 6x 2 


4x 4 y - 8x 3 y 3 + 16xy 4 
4xy 


d. 


6x 4 +1 
2x 4 


16x 5 y 2 
e ‘ 16x 5 y 2 


Solution 


a. 


16x 3 - 28x 2 
—4x 


Step 1. 


Divide each term of the polynomial by the monomial. 

16x 3 - 28x 2 
—4x 


Keep with 28 

, 1 , 

_ 16x 3 —28x 2 

—4x | —4x 

Insert 

— —4x -I - 7x 


Recall the quotient rule for 
dividing exponential 

x m 

expressions: —— = x , x =* 0. 

x 


Step 2. State the quotient and remainder. 

The quotient is —4x 2 + 7x and the remainder is 0. 
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-12x 4 + 6x 2 

= 3 ^ 



Divide each term of the polynomial by the monomial. 

—12x 4 + 6x 2 
—3x 


—12x 4 6x 2 
—3x —3x 

= 4x 3 — 2x 


Step 2. State the quotient and remainder. 

The quotient is 4x 3 — 2x and the remainder is 0. 


4x 4 y - 8x 3 y 3 + 16xy 4 
4xy 



Divide each term of the polynomial by the monomial. 

4 x 4 y — 8xV 3 + 16xy 4 
4xy 


4 x 4 y —8 x 3 / 3 16xy 4 
4xy 4 xy 4 xy 


= x 3 - 2x 2 / 2 + 4y 3 


Step 2. State the quotient and remainder. 

The quotient is x 3 — 2x 2 / 2 + 4/ 3 and the remainder is 0. 


6x 4 +1 

d. ^ 4 

2x 

Step 1. Divide each term of the polynomial by the monomial. 

6x 4 + 1 
2x 4 
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6x 4 1 

2x 4 + 2x 4 


= 3 H- 

T 2x 4 
quotient 


remainder 

divisor 


Step 2. State the quotient and remainder. 

The quotient is 3 and the remainder is 1. 


16 x 5 y 2 

e - 


Step 1. 


Divide 16x 5 / 2 by 16x 5 / 2 - 

i6xy 
16x 5 / 2 


Step 2. State the quotient and remainder. 

The quotient is 1 and the remainder is 0. 


Dividing a Polynomial by a Polynomial 

When you divide two polynomials, and the divisor is not a monomial, you 
use long division. The procedure is very similar to the long division algo¬ 
rithm of arithmetic. The steps are illustrated in the following problem. 


Problem Find the quotient and remainder. 
4x 3 + 8x — 6x 2 + 1 


x 2 + x - 4 


c. 


x + 3 
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Solution 

4x 3 + 8x — 6x 2 + 1 
a ' 2x — 1 

q Sfep i. Using the long division symbol ^ j, arrange the terms of both 
“IM the dividend and the divisor in descending powers of the variable x. 

4x 4~ 8x — 6x 4“ 1 
2x-l 

= 2x — I j 4x — 6x" 4~ 8x 4“ 1 

Step 2. Divide the first term of the dividend by the first term of the divisor 
and write the answer as the first term of the quotient. 

2x 2 _ 

2x — lj 4x — 6x 4“ 8x 4~ f 

Step 3. Multiply 2x — 1 by 2x 2 and enter the product under the dividend. 

2x 2 _ 

2x — lj 4x — 6x 4~ 8x 4~ 1 

4x 3 - 2x 2 


Step 4. Subtract 4x 3 — 2x 2 from the dividend, being sure to mentally change 
the signs of both 4x 3 and —2x“. 

2x 2 _ 

2x — lj 4x — 6x“ 4~ 8x 4~ 1 

4x 3 - 2x 2 


In long division of polynomials, making 
sign errors when subtracting is the most 
common mistake. 


-4x 2 


Step 5. Bring down 4-8x, the third term of the dividend, and repeat steps 2-4. 

2x 2 — 2x _ 

2x — 1 j 4x — 6x + 8x4-7 

4x 3 — 2x 2 

—4x 2 4- 8x 

—4x 2 4 - 2x 


6x 
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Step 6. Bring down +1, the last term of the dividend, and repeat steps 2-4. 
2x 2 — 2x + 3 

2x — 1 j 4x 3 — 6x 2 + 8x +1 
4x 3 - 2x 2 

—Ax 2 + 8x 
—Ax + 2x 

6x + 1 
6x — 3 
I 

Step 7. State the quotient and remainder. 

The quotient is 2x 2 — 2x + 3 and the remainder is 4. 


x 3 — 8 
x — 2 


Step 1. Using the long division symbol j, arrange the terms of both the 
dividend and the divisor in descending powers of the variable x. 
Insert zeros as placeholders for missing powers of x. 


x 3 — 8 
x — 2 


x — 8 
x - 2 ' 


x 2 + 4. Avoid this common error. 


— x — 2 x "PO-fO — 8 


Step 2. Divide the first term of the dividend by the first term of the divisor 
and write the answer as the first term of the quotient. 


x — 2 


j x 3 + 0 + 0 - 8 


Step 3. Multiply x — 2 by x and enter the product under the dividend. 

x 2 


x — 2|x +0 + 0 — 8 

x 3 - 2x 2 
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Step 4. Subtract x 3 — 2x 2 from the dividend, being sure to mentally change 
the signs of both x 3 and —2x 2 . 

2 

X_ 

x — 2 j x 4~ 0 4- 0 — 8 
x 3 - 2x 2 

2x 2 

Step 5. Bring down +0, the third term of the dividend, and repeat steps 2-4. 

x 2 + 2x_ 

x — 2 j x 4~ 0 4~ 0 — 8 

x 3 - 2x 2 
2x 2 + 0 

2x 2 — 4x 
4x 

Step 6. Bring down —8, the last term of the dividend, and repeat steps 2-4. 

x 4~ 2x 4~ 4 
x — 2 j x 4* 0 4~ 0 — 8 

x 3 - 2x 2 

2x 2 4-0 
2x 2 — 4x 

4x — 8 

4x — 8 

0 

Step 7. State the quotient and remainder. 

The quotient is x 2 4- 2x 4- 4 and the remainder is 0. 


c. 


x 2 4- x — 4 
x+~3 



Using the long division symbol arrange the terms of both the 
dividend and the divisor in descending powers of the variable x. 
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x 2 + x — 4 
x 4~ 3 

= x + 3jx 2 + x — 4 

Step 2. Divide the first term of the dividend by the first term of the divisor 
and write the answer as the first term of the quotient. 

x _ 

x 3j x f x —~4 

Step 3. Multiply x + 3 by x and enter the product under the dividend. 

x _ 

x sjx ~T x —"4 

x 2 + 3x 

Step 4. Subtract x 1 + 3x from the dividend, being sure to mentally change 
the signs of both x 2 and 3x. 

x_ 

x 3jx x — 1 

x ~|- 3x 

—2x 

Step 5. Bring down —4, the third term of the dividend, and repeat steps 
2-4. 

x — 2 

x 3j x~ + x — 4 

x 3x 
—2x — 4 

—2x — 6 
2 

Step 6. State the quotient and remainder. 

The quotient is x — 2 and the remainder is 2. 
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Exercise 11 


Find the quotient and remainder. 


1 15x 5 - 30x 2 
—5x 

-18x 5 + 5 

6. q 

3x 5 

— 14x 4 + 21x 2 
—7x 2 

7 7a 6 b 3 -14a 5 b 2 - 42a 4 b 2 + 7 a 3 b 2 

7aV 

25x 4 y 2 

3 ‘ -5x 

x 2 — 1 

8 ' x+1 

6x 5 y 2 -8x 3 y 3 + 10xy 6 

4 ' 2 xy 2 

x 2 - 9x + 20 

9 ' x — 4 

-10x 4 y 4 z 4 - 20x 2 y 5 z 2 

5 ‘ 10x 2 y 3 z 

2x 3 — 13x + x 2 + 6 

10. -^- 

x - 4 
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Factoring Polynomials 


In this chapter, you learn about factoring polynomials. 


Factoring and Its Objectives 

Factoring is the process of undoing 
multiplication, so you need a strong 
understanding of multiplication of 
polynomials to be skillful in factor¬ 
ing them. You can expect that, from 
time to time throughout the chap¬ 
ter, you will be asked to recall your 
prior knowledge of multiplication of 
polynomials. 

The objective in factoring is to take a complicated polynomial and 
express it as the product of simpler polynomial factors. You might ask, 
“Why would you want to do this?” One practical answer is that, generally, 
you have fewer restrictions on factors than you do on terms. Factors are 
joined by multiplication, but terms are joined by addition or subtraction. 
The following problem illustrates this point. 

Problem Follow the indicated directions for the six true sentences given 
below. (For convenience, assume x and/are positive real numbers with x < /.) 

1 . Jxy = Vx •. Jy , but ^Jx + y Vx + Jy . 


The reality that factoring polynomials requires 
agility in multiplying polynomials underscores 
the importance of mastering previous skills in 
mathematics before going on to new ones. 
Expecting to learn a new math topic that relies 
on previous skills that were not mastered is 
a self-defeating strategy that often leads to 
disappointing results. Some advice: Don't make 
this mistake! 
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2 . 

3. 

4. 


(xy) 2 = x 2 y 2 , but (x + y) 2 *= x 2 + y 2 . 

M = M M- but I* - y\ * M - |y|- 

— = y, but X + ^ =x= 1 + y; also, x + ^ ^ k" + y 
* * x / 


y • 


5. 


xy 


1 1 . , 

-, but 

x y 


1 1 

- — 

x + y x 


y' 


6 . 


x 2 y 2 


= x 2 y 2 , but 


2 + y 2 


x 2 + y 2 . 


a. From the statements of equality and inequality in sentences 1 -6, list those 
involving terms. 


b. From the statements of equality and inequality in sentences 1 -6, list those 
involving factors and no terms. 



Solution 

a. From the statements of equality and inequality in sentences 1 -6, list those 
involving terms. 

Step 1. Examine sentences 1-6 for equality or inequality statements involv¬ 
ing terms and then list those involving terms. 

x/xT ~y ^ Vx + y[y , (x + yf ^ x 2 + / 2 , \x-y\^ |x| - \y[ 

— — -— ^ 1 + y, —-— ^ - + ^ ^ x 2 + y 2 (Note that the 

x x + y x y x +y 

statements involving terms contain the ^ symbol.) 



b. From the statements of equality and inequality in sentences 1 -6, list those 
involving factors and no terms. 

Step 1. Examine sentences 1-6 for equality or inequality statements involv¬ 
ing terms and then list those not involving terms. 

yfxy = yfx -Jy, (xy) 2 = x 2 y 2 , \xy\ = \x\\y\, — = y, - = 

x xy x y 

— = x 2 / 2 (Note that the statements involving factors and no 

x y 

terms contain the = symbol.) 


Greatest Common Factor 

The previous problem should motivate you to become proficient in factor¬ 
ing polynomials. The discussion begins with factoring out the greatest com¬ 
mon monomial factor. The greatest common monomial factor is the product 
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of the greatest common numerical factor and a second component made 
up of the common variable factors, each with the highest power common 
to each term. You can refer to the greatest common monomial factor as the 
greatest common factor (GCF). 

Problem Find the GCF for the terms in the polynomial 12x 8 / 3 — 8 x b y 7 z 2 . 


Solution 


O Step 1. Find the numerical factor of the GCF by finding the greatest com- 
mon numerical factor of 12 and 8. 

i?Vv I The factors of 12 are 1, 2, 3, 4, 6, and 12, and the factors of 8 are 1, 

2,4, and 8. The numerical factor of the GCF is 4. 


Step 2. Identify the common variable factors, each with the highest power 
common to x 8 / 3 and x/z 2 . 

x and / are the common variable factors. The highest power of x 
that is common to each term is x 6 , and the highest power of/that is 
common to each term is/ 3 . The common variable component of the 
GCF is x 6 / 3 . 


Step 3. Write the GCF as the product of the results of steps 1 and 2. 

The GCF for the terms in the polynomial 12x 8 / 3 — 8x 6 / 7 z 2 is 4x 6 / 3 . 


Problem Factor. 

a. 12x 8 y 3 -8x 6 y 7 z 2 

b. 15x 2 — 3x 

c. x 3 y - xy + y 

d. 4x + 4y 


When factoring out the 
GCF, check your work by 
mentally multiplying the 
factors of your answers. 



Solution 

a. 12 x s y 3 — 8x 6 y 7 z 2 

Step 1. Determine the GCF for 12x 8 / 3 and 8x 6 / 7 z 2 . 

GCF = 4x 6 / 3 

Step 2. Rewrite each term of the polynomial as an equivalent product of 
4x 6 / 3 and a second factor. 

12x 8 / 3 - 8 x 6 /V 
= 4x 6 / 3 • 3x 2 - 4x 6 / 3 - 2/V 
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Step 3. Use the distributive property to factor 4 x 6 y 3 from the resulting 
expression. 

= 4xY(3x 2 - 2y V) 

Step 4. Review your main result. 

12x 8 y 3 - 8 lx 6 yV = 4x 6 y 3 (3x 2 - 2 lyV) 

b. 1 5x 2 — 3x 

Step 1. Determine the GCF for 15x 2 and 3x. 

GCF = 3x 

Step 2. Rewrite each term of the polynomial as 
an equivalent product of 3x and a second 
factor. 

15x 2 — 3x 

= 3x • 5x — 3x • 1 


15x 2 — 3x =£ 3x ■ 5x — 0; ask 
yourself, "What times 3xequals 
3x?" The answer is 1, not 0. 
Remember to mentally multiply 
the factors to check your work. 


12x 8 y 3 - 8x 6 y 7 z 2 is not in factored 
form because it is not a product, 
but 4x 6 y 3 (3x 2 — 2y 4 z 2 ) is in 
factored form because it is the 
product of 4x 6 y 3 and (3x 2 - 2y 4 z 2 ). 


Step 3. Use the distributive property to factor 3x from the resulting 
expression. 

= 3x(5x — 1) 


Step 4. Review your main result. 
15x 2 — 3x = 3x(5x — 1) 



c. x 3 y — xy + y 

Step 1. Determine the GCF for x 3 y, xy, and y. 

GCF = 7 

Step 2. Rewrite each term of the polynomial as an equivalent product ofy 
and a second factor. 

x 3 y ~ xy + y 

= y-x 3 -y-x + y -1 


Step 3. Use the distributive property to factor y from the resulting 
expression. 

= j(x 3 — x + 1) 
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Step 4. Review your main result. 

x 3 y - x y + y = y( x3 - x +1 ) 


x 3 y — xy + y^ y(x 3 — x). Don't 
forget the 1. 



d. 4x + 4y 

Step 1. Use the distributive property to factor 4 from the polynomial. 
4x + 4y 
= 4 (x + y) 


GCF with a Negative Coefficient 

At times, you might need to factor out a GCF that 
has a negative coefficient. To avoid sign errors, 
mentally change subtraction to add the opposite. 

Problem Factor using a negative coefficient for the GCF. 

a. — 5xy 2 +10xy 

b. — 5xy 2 -10xy 

c. — x — y 

d. — 2x 3 + 4x - 8 


When factoring out a GCF that 
has a negative coefficient, always 
mentally multiply the factors and 
check the signs. 


Solution 



a. — 5xy 2 +10xy 


Step 1. Determine the GCF with a negative coefficient for —5 xy 1 and 10 xy. 
GCF = -5 xy 


Step 2. Rewrite each term of the polynomial as an equivalent product of 
—5xy and a second factor. 


—5xy 2 + lOxy 
= —5 xy ■ y — 5 xy ■ —2 

Step 3. Use the distributive property to factor 
—5xy from the resulting expression. 


—5xy 2 + 10xy ^ —5xy ■ y — 5xy • 2. 
Check the signs! 


= ~5xy(y - 2) 


Step 4. Review your main result. 

-5xy 2 + lOxy = -5 xy(y - 2) 
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b. -5xy 2 - lOxy 

Step 1. Determine the GCF with a negative coefficient for —5 xy 2 and 10 xy. 
GCF = -5 xy 

Step 2. Rewrite each term of the polynomial as an equivalent product of 
—5xy and a second factor. 

—5 xy 2 — 10 xy 

= —5xy ■ y — 5 xy ■ 2 


Step 3. Use the distributive property to factor 
—5xy from the resulting expression. 

= —5xy ■ y H—5 xy • 2 = —5 xy(y + 2) 

Think 


To avoid sign errors, it is often 
helpful to mentally change a 
minus symbol to "H— 


Step 4. Review your main result. 


-5xy 2 -10 xy = -5 xy(y + 2) 



c. —x — y 

Step 1. Insert the understood coefficients of 1. 
-x~y 
= -lx - 1y 


Step 2. Use the distributive property to factor —1 from the polynomial. 

= -lx + -ly = -l(x + y) = ~{x + /) 

Think 

Step 3. Review your main result. 

-x-y= -(x + y) 



d. — 2x 3 + 4x - 8 

Step 1. Determine the GCF with a negative coefficient for —2x 3 ,4x, and —8. 
GCF = -2 

Step 2. Rewrite each term of the polynomial as an equivalent product of —2 
and a second factor. 

—2x 4x — 8 

= -2 • x 3 - 2 • — 2x -2-4 


Check signs 
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Step 3. Use the distributive property to factor —2 from the resulting 
expression. 

= —2(x 3 - 2x + 4) 

Step 4. Review your main result. 

—2x 3 + 4x — 8 = —2(x 3 — 2x + 4) 

A Quantity as a Common Factor 

You might have a common quantity as a factor in the GCF. 

Problem Factor. 

a. x(x — 1) + 2(x — 1) 

b. a(c + d) + (c + d) 

c. 2x(x — 3) + 5 (3 — x) 

Solution 

a. x(x — 1) + 2(x — 1) 

Step 1. Determine the GCF for x(x — 1) and 2(, 

GCF = (x -1) 

Step 2. Use the distributive property to factor 
x(x — 1) + 2(x — 1) 

= (x — l)(x + 2) 

Step 3. Review your main result. 

x(x — 1) + 2(x — 1) = (x — l)(x + 2) 

b. a(c + d) + {c + d) 

Step 1. Determine the GCF for a(c + d) and (c 
GCF = (c + d) 

Step 2. Use the distributive property to factor 
a(c + d) + (c + d) 

= a(c + d) + l(c + d) = (c + d)(a + 1) 

Think 

Step 3. Review your main result. 

a(c + d) + (c + d) = (c + d){a + 1) 




x — 1). 


(x — 1) from the expression. 


d). 


(c + d) from the expression. 


a(c + d) + (c + d) ^ (c + d)a. Don't leave 
off the 1. Think of (c + d) as 1(c + d). 
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c. 2x(x - 3) + 5(3 - x) 

Step 1. Because (3 — x) = — l(x — 3), factor —1 from the second term. 

2x(x — 3) + 5(3 — x) 

= 2x(x — 3) — 5(x — 3) 

Step 2. Determine the GCF for 2x(x — 3) and 5(x — 3). 

GCF = (x - 3) 

Step 3. Use the distributive property to factor (x — 3) from the expression. 
2x(x — 3) — 5(x — 3) 

= (x - 3) (2x - 5) 

Step 4. Review the main steps. 

2x(x — 3) + 5(3 — x) = 2x(x — 3) — 5(x — 3) = (x — 3)(2x — 5) 

Factoring Four Terms 

When you have four terms to factor, grouping the terms in pairs might yield 
a quantity as a common factor. 

Problem Factor by grouping in pairs. 

a. x 2 + 2x + 3x + 6 

b. ax + by + ay + bx 

Solution 

a. x 2 + 2x + 3x + 6 

Step 1. Group the terms in pairs that will yield a common factor, 
x “I - 2x 3x 6 
(x 2x) (3x "I - 6) 

Step 2. Factor the common factor x out of the 
first term and the common factor 3 out 
of the second term. 

= x(x 2) 3(x d - 2) 

Step 3. Determine the GCF for x(x + 2) and 3(x + 2). 

GCF = (x + 2) 


(x 2 + 2x) + (3x + 6) = (x 2 + 2x) 
(3x + 6). These quantities are 
terms, not factors. 
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Step 4. Use the distributive property to factor (x + 2) from the expression. 
= x(x -F 2) -)- 3(x -F 2) 

= (x + 2)(x + 3) 

Step 5. Review the main steps. 

x ~F 2x ~F 3x “F 6 = x(x ~F 2) -F 3(x ~F 2) = (x ~F 2)(x ~F 3) 

b. ax + by + ay + bx 

Step 1. Rearrange the terms so that the first two terms have a common fac¬ 
tor and the last two terms have a common factor, and then group 
the terms in pairs accordingly. 
ax + by + ay + bx 
= ax + bx + ay + by 
= (ax + bx) + (ay + by) 

Step 2. Factor the common factor x out of the first term and the common 
factor/out of the second term. 

= x(a + b) + y(a + b) 

Step 3. Determine the GCF for x(a + b) and y(a + b). 

GCF = (a + b) 

Step 4. Use the distributive property to factor (a + b) from the expression. 
x(a + b) + y(a + b) 

= (a + b)(x + y) 

Step 5. Review the main steps. 

ax + by + ay + bx = ax + bx + ay + by = x(a + b) + y(a + b) 

= (a + b)(x + y) 

Factoring Quadratic Trinomials 

When you have three terms to factor, you might 
have a quadratic trinomial of the form ax 2 + bx + c. 

It turns out that not all quadratic trinomials are 
factorable using real number coefficients, but many 
will factor. Those that do will factor as the product 
of two binomials. 

Two common methods for factoring ax 2 + bx + c axe factoring by trial and 
error and factoring by grouping. 


Recall (from Chapter 9) that 
quadratic trinomials result when 
you multiply two binomials. 
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Factoring by Trial and Error Using FOIL 

When you factor by trial and error, it is very helpful to call to mind the FOIL 
method of multiplying two binomials. Here is an example. 

(2x + 5)(3x + 4) 

— 2x • 3x 4~ 2x • 4 4- 5 • 3x 4~ 5 • 4 
First Outer Inner Last 

== 6x 4~ 8x 4~ 15x 4~ 20 
Middle terms 
== 6x 4~ 23x 4~ 20 

Your task when factoring 6x 2 4- 23x 4- 20 is to reverse the FOIL process 
to obtain 6x 2 4- 23x 4- 20 = (2x 4- 5)(3x 4- 4) in factored form. When you are 
working with a factorable quadratic trinomial whose first factor is positive, 
use the following helpful information: 

If the trinomial’s last term is positive, the second terms in the trinomi¬ 
al’s two binomial factors have the same sign as the trinomial’s middle term. 
If the trinomial’s last term is negative, the second terms in the trinomial’s 
two binomial factors have opposite signs. 

Problem Factor by trial and error. 

a. x 2 4- 9x 4-14 

b. x 2 - 9x + 14 

c. x 2 4- 5x - 14 

d. x 2 — 5x — 14 

e. 3x 2 4- 5x - 2 

f. 4x 2 — 1 lx — 3 



Solution 

a. x 2 4- 9x 4-14 

Step 1. Because the expression has the form ox 2 + bx + c, look for two bino¬ 
mial factors. 

x + 9x 4- 14 = ( )( ) 

Step 2. x 2 is the first term, so the first terms in the two binomial factors must 
be x. 

x 2 4- 9x + 14 = (x )(x ) 




Factoring Polynomials 


129 


Step 3. 14 is the last term, and it is positive, so the last terms in the two 
binomial factors have the same sign as 9, with a product of 14 and a 
sum of 9. Try 7 and 2 and check with FOIL. 

x 4- 9x 4- 14 — (x 4- 7)(x 4- 2) 

Check: (x 4- 7)(x 4- 2) = x 4- lx 4- 2x 4-14 = x 4- 9x 4- 14 

Correct 

Step 4. Write the factored form. 

x 4- 9x 4~ 14 = (x 4~ 7)(x 4- 2) 



b. x 2 — 9x 4-14 

Step 1. Because the expression has the form ax 2 + bx + c, look for two bino¬ 
mial factors. 

x 2 — 9x 4- 14 = ( )( ) 

Step 2. x is the first term, so the first terms in the two binomial factors must be x. 
x 2 — 9x 4- 14 = (x )(x ) 


Step 3. 14 is the last term, and it is positive, so the last terms in the two 
binomial factors have the same sign as —9, with a product of 14 and 
a sum of —9. Try —7 and —2 and check with FOIL. 

x 2 — 9x 4- 14 = (x — 7)(x — 2) 

Check: (x — 7)(x — 2) = x 2 — 7x — 2x 4-14 = x 2 — 9x 4-14 

Correct 


Step 4. Write the factored form. 

x 2 — 9x 4- 14 = (x — 7)(x — 2) 



c. x 2 4- 5x -14 

Step 1. Because the expression has the form ax 2 + bx + c, look for two bino¬ 
mial factors. 

x 2 4- 5x - 14 = ( )( ) 


Step 2. x 2 is the first term, so the first terms in the two binomial factors must be x. 
x 2 -f 5x — 14 = (x )(x ) 
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Step 3. —14 is the last term, and it is negative, so the last terms in the two 
binomial factors have opposite signs with a product of —14 and a 
sum of 5. Try combinations of factors of 14 and check with FOIL. 

Try x 2 + 5x — 14 = (x + 7)(x — 2) 


Check: (x + 7)(x — 2) = x 2 + 7x — 2x —14 = x 2 + 5x —14 

Correct 


Step 4. Write the factored form. 


x 2 + 5x — 14 = (x + 7)(x — 2) 



d. x 2 — 5x — 14 

Step 1. Because the expression has the form ax 2 + bx + c, look for two bino¬ 
mial factors. 

x 2 - 5x - 14 = ( )( ) 


Step 2. x 2 is the first term, so the first terms in the two binomial factors must 
be x. 

x 2 — 5x — 14 = (x )(x ) 


Step 3. —14 is the last term, and it is negative, so the last terms in the two 
binomial factors have opposite signs with a product of —14 and a 
sum of —5. Try combinations of factors of —14 and check with FOIL. 

Try x 2 — 5x — 14 = (x — 7)(x + 2) 


Check: (x — 7)(x + 2) = x 2 — 7x + 2x —14 = x 2 — 5x —14 

Correct 


Step 4. Write the factored form. 

x 2 — 5x — 14 = (x — 7) (x + 2) 



e. 3x 2 + 5x — 2 

Step 1. Because the expression has the form ax 2 + bx + c, look for two bino¬ 
mial factors. 

3x 2 + 5x — 2 = ( )( ) 


Step 2. 3x 2 is the first term, so the first terms in the two binomial factors 
must be 3x and x. 

3x 2 + 5x — 2 = (3x )(x ) 
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Step 3. —2 is the last term, and it is negative, so the last terms in the two 
binomial factors have opposite signs with a product of —2. Try com¬ 
binations using the factors of —2 and check with FOIL until the mid¬ 
dle term is correct. 


Try 3x 2 + 5x — 2 = (3x — 2)(x + 1 ) 

Check: (3x — 2)(x +1) = 3x 2 + 3x — 2x — 2 = 3x 2 + x — 2 

Wrong 

Try 3x 2 + 5x — 2 = (3x + l)(x — 2) 


Check: (3x + l)(x — 2) = 3x 2 — 6x + x — 2 = 3x 2 —5x — 2 

Wrong 

Try 3x 2 + 5x — 2 = (3x — l)(x + 2) 


Step 4. 


Check: (3x — l)(x + 2) = 3x 2 + 6x — x — 2 = 3x 2 + 5x — 2 

Correct 


Write the factored form. 

3x T- 5x — 2 = (3x — l)(x T- 2) 


f. 4x 2 — 11 x — 3 


Step 1. 


Because the expression has the form ax 2 + bx + c, look for two bino¬ 
mial factors. 

4x 2 — llx — 3 = ( )( ) 


Step 2. 4x 2 is the first term, so the numerical coefficients of the first terms 
in the two binomial factors are factors of 4. The last term is —3, so 
the last terms of the two binomial factors have opposite signs with 
a product of —3. Try combinations of factors of 4 and —3 and check 
with FOIL until the middle term is correct. 


Try 4x 2 — llx — 3 = (2x - 3)(2x + 1) 

Check: (2x — 3)(2x +1) = 4x 2 + 2x — 6x — 3 = 4x 2 —4x — 3 

Wrong 

Try 4x 2 — llx — 3) — (4x — 3)(x + 1) 

Check: (4x — 3)(x + 1) = 4x 2 + 4x — 3x — 3 = 4x 2 + x — 3 

Wrong 

Try 4x 2 — llx — 3 — (4x + l)(x — 3) 

Check: (4x + l)(x — 3) = 4x 2 — 12x + x — 3 = 4x 2 —llx — 3 


Correct 
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Step 3. Write the factored form. 

4x 2 — llx — 3 = (4x + l)(x — 3) 

As you can see, getting the middle term right is the key to a successful 
factorization of ax 2 + bx + c. You can shorten your checking time by sim¬ 
ply using FOIL to compare the sum of the inner and outer products to the 
middle term of the trinomial. 

Factoring by Grouping 

When you factor ax 2 + bx + c by grouping, you also guess and check, but in 
a different way than in the previous method. 

Problem Factor by grouping. 

a. 4x 2 -1 lx - 3 

b. 9x 2 — 12x + 4 

Solution 

a. 4x 2 - 1 lx - 3 

Step 1. Identify the coefficients a, b, and c and 
then find two factors of ac whose sum is b. 

a = 4,b = —11, and c = — 3 

ac = 4 • — 3 = —12 

Two factors of —12 that sum to —11 are —12 and 1. 

Step 2. Rewrite 4x 2 — 1 lx — 3, replacing the middle term, —1 lx, with —12x + lx. 
4x 2 — llx — 3 = 4x 2 — 12x + lx — 3 

Step 3. Group the terms in pairs that will yield a common factor. 

= (4x 2 - 12x) + (lx - 3) 

Step 4. Factor the common factor 4x out of the first term and simplify the 
second term. 

= 4x(x — 3) + (x — 3) 

Step 5. Use the distributive property to factor (x — 3) from the expression. 
= (x - 3)(4x + 1) 

Step 6. Write the factored form. 

4x 2 — 1 lx — 3 = (x — 3)(4x +1) 


When you're identifying coefficients for 
ax 2 + bx+ c, keep a — symbol with the 
number that follows it. 
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b. 9x 2 - 12x + 4 

Step 1. Identify the coefficients a, b, and c and then find two factors of ac 
whose sum is b. 

a = 9,b = —12, and c = 4 

ac = 9 • 4 = 36 

Two factors of 36 that sum to —12 are —6 and —6. 


Step 2. Rewrite 9x 2 — 12x + 4, replacing the middle term, —12x, with —6x — 6x. 
9x 2 — 12x + 4 = 9x 2 — 6x — 6x + 4 


Step 3. Group the terms in pairs that will yield a common factor. 

= (9x 2 — 6x) — (6x — 4) 

Check sign 

Step 4. Factor the common factor 3x out of the first term and the common 
factor 2 out of the second term. 

= 3x(3x — 2) — 2(3x — 2) 

Step 5. Use the distributive property to factor (3x — 2) from the expression. 
= (3x - 2)(3x - 2) 

Step 6. Write the factored form. 

9x 2 - 12x + 4 = (3x - 2) 2 


Factoring Perfect Trinomial Squares 

The trinomial 9x 2 — 12x + 4, which equals (3x — 2) 2 , is a perfect trinomial 
square. If you recognize that ax 2 + bx + c is a perfect trinomial square, 
then you can factor it rather quickly. A trinomial is a perfect square if a and 
c are both positive and \b\ = 2 -Ja\fc. The following problem illustrates the 
procedure. 

Problem Factor. 

a. 4x 2 - 2 Ox + 25 

b. x 2 + 6x + 9 
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Solution 

a. 4x 2 - 2 Ox + 25 

Step 1. Identify the coefficients a, b, and c and check whether \b\ = 2 4a 4c. 


a = 4, b = —20, and c = 25 

\b\ = | —20| = 20 and 2^asfc = 2 ■ >/4 • ^25 = 2 • 2 • 5 = 20 
Thus, 4x 2 — 20x + 25 is a perfect trinomial square. 


Step 2. Indicate that 4x 2 — 20x + 25 will factor as the square of a binomial. 
4x 2 — 20x + 25 = ( f 


Step 3. Fill in the binomial. The trinomial’s first and third terms are the 
positive perfect squares of 2x and 5, respectively. Thus, the binomi¬ 
al’s first term is 2x and its second term is 5. The sign in the middle is 
the same as the sign of the trinomial’s middle term. 

4x 2 — 20x + 25 = (2x — 5) 2 is the factored form. 



b. x 2 + 6x + 9 

Step 1. Identify the coefficients a, b, and c and check whether \b\ = 24a \[c. 
a = 1, b = 6, and c = 9 

\b\ = |6| = 6 and 2 4a4c = 2- Vl-V9 = 2- l- 3 = 6 
Thus, x 2 + 6x + 9 is a perfect trinomial square. 


Step 2. Indicate that x 2 + 6x + 9 will factor as the square of a binomial, 
x + 6x T 9 = ( ) 


Step 3. Fill in the binomial. The trinomial’s first and third terms are the 
positive perfect squares of x and 3, respectively. Thus, the binomial’s 
first term is x and its second term is 3. The sign in the middle is the 
same as the sign of the trinomial’s middle term. 

x -T 6x -T 9 = (x + 3) 2 is the factored form. 


Factoring Binomials 

When you have a binomial to factor, consider these special binomial prod¬ 
ucts from Chapter 9: the difference of two squares, the difference of two cubes, 
and the sum of two cubes. 
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The difference of two squares has the form 
x 2 — y 2 (quantity squared minus quantity 
squared). You factor the difference of two 
squares like this: 


f \ 

x 2 + y 2 , the sum of two squares, is not 
factorable (over the real numbers). 


x 2 -y 2 = (x + y)(x-y) 


The difference of two cubes has the form x 3 — y 3 (quantity cubed minus 
quantity cubed). You factor the difference of two cubes like this: 

x 3 -y 3 = (x- y)(x 2 + xy + y 2 ) 

The sum of two cubes has the form x 3 + y 3 (quantity cubed plus quantity 
cubed). You factor the sum of two cubes like this: 

x 3 + y 3 = (x + y)(x 2 - xy + y 2 ) 


Problem Factor. 

a. 9x 2 - 25 y 2 

b. x 2 - 1 

c. x 2 + 4 

d. 8x 3 - 27 

e. 64a 3 +125 


Solution 



a. 9x 2 - 25y 2 

Step 1. Observe that the binomial has the form “quantity squared minus 
quantity squared,” so it is the difference of two squares. Indicate 
that 9x 2 — 25 y 2 factors as the product of two binomials, one with 
a plus sign between the terms and the other with a minus sign 
between the terms. 

9x 2 -25 y 2 = ( + )( - ) 


Step 2. Fill in the terms of the binomials. The quantity 9x 2 is the positive 
perfect square of 3x. So the first terms in the two binomials are both 
3x. The quantity 25 y 2 is the positive perfect square of 5 y. So the last 
terms in the two binomials are both 5 y. 

9x 2 — 25/ 2 = (3x + 5 j)(3x — 5 y) is the factored form. 
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b. x 2 - 1 

q Step 1. Observe that the binomial has the form “quantity squared minus 
quantity squared,” so it is the difference of two squares. Indicate 
that x 2 — 1 factors as the product of two binomials, one with a plus 
sign between the terms and the other with a minus sign between 
the terms. 

x 2 -l = ( + )( - ) 

Step 2. Fill in the terms of the binomials. The quantity x 2 is the positive per¬ 
fect square of x. So the first terms in the two binomials are both x. 
The number 1 is the positive perfect square of 1. So the last terms in 
the two binomials are both 1. 

x 2 — 1 = (x + l)(x — 1) is the factored form. 

c. x 2 + 4 

Step 1. Observe that the binomial has the form “quantity 
squared plus quantity squared,” so it is the sum 
of two squares, and thus is not factorable over 
the real numbers. 

d. 8x 3 - 27 

Step 1. Observe that the binomial has the form “quantity cubed minus 
quantity cubed,” so it is the difference of two cubes. Indicate that 
8 x 3 — 27 factors as the product of a binomial and a trinomial. The 
binomial has a minus sign between the terms, and the trinomial 
has plus signs between the terms. 

8 x 3 — 27 = ( — )( + + ) 

Step 2. Fill in the terms of the binomial. The first term is sj8 x 3 = 2x, and 
the second term is y/T7 = 3. 

8 x 3 — 27 = (2x — 3)( + + ) 

Step 3. Fill in the terms of the trinomial by using the 
terms of the binomial, 2x and 3. The first term is 
(2x) 2 = 4x 2 , the second term is 2x • 3 = 6x, and 
the third term is 3 2 = 9. 

8 x 3 — 27 = (2x — 3)(4x 2 + 6x + 9) is the factored 
form. 


4x 2 + 6x + 9 ^ (2x + 3) 2 . 
(2x + 3) 2 = 4x 2 + 12x + 
9, not 4x 2 + 6x + 9. 




x 2 + 4^(x + 2) 2 .(x + 2) 2 
= x 2 + 4x + 4, not x 2 + 4. 
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e. 64a 3 +125 


& Step 1. Observe that the binomial has the form “quantity cubed plus quan¬ 
tity cubed,” so it is the sum of two cubes. Indicate that 64a 3 + 125 
factors as the product of a binomial and a trinomial. The binomial 
has a plus sign between the terms, and the trinomial has one minus 
sign on the middle term. 

64a 3 + 125 = ( + )( - + ) 

Step 2. Fill in the terms of the binomial. The first term is ^64a 3 = 4a, and 
the second term is \/l25 = 5. 

64a 3 + 125 = (4a + 5)( - + ) 


Step 3. Fill in the terms of the trinomial by using the terms of the binomial, 
4a and 5. The first term is (4a) 2 = 16a 2 , the second term is 4a • 5 = 
20a, and the third term is 5 2 = 25. 

64a 3 + 125 = (4a + 5)(16a 2 - 20a + 25) 


Guidelines for Factoring 

Finally, here are some general guidelines for factoring polynomials. 

1. Count the number of terms. 

2. If the expression has a GCF, factor out the GCF. 

3. If there are two terms, check for a special binomial product. 

4. If there are three terms, check for a quadratic trinomial. 

5. If there are four terms, try grouping in pairs. 

6. Check whether any previously obtained factor can be factored further. 


Problem Factor completely. 

a. 100x 4 y 2 z — 25x 2 y 2 z 

b. x 2 (x + y) + 2xy(x + y) + y 2 (x + y) 



Solution 

a. 100x 4 y 2 z — 25x 2 y 2 z 
Step 1. Factor out the GCF, 25 x 2 y 2 z. 
100x 4 y 2 z - 25 x 2 y 2 z 
= 25x 2 y 2 z ■ 4x 2 - 25x 2 y 2 z • 1 
= 25x 2 y 2 z(4x 2 - 1) 
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Step 2. Factor the difference of two squares, 4x 2 — 1. 

25x 2 / 2 z(4x 2 — 1) = 25x 2 y 2 z(2x — l)(2x — 1) is the completely fac¬ 
tored form. 

b. x 2 (x + y) + 2 xy (x + y) + y 2 (x + y) 

Step 1. Factor out the GCF, (x + y). 

x 2 (x + y) + 2 xy (x + y) + y\x + /) 

= (•* + y)(x 2 + 2 xy + y 2 ) 

Step 2. Factor the perfect trinomial square, x 2 + 2x/ + y 2 , and simplify. 

(x + y)(x + yf = (x + j) 3 is the completely factored form. 



Exercise 12 

In 1-5, indicate whether the statement is true or false. 


1. ^64 + 25 = 13 

2. (x + 3) 2 = x 2 + 9 


3. 


4 + xy 
x 


4 + y 


4. 


1 _ 1 
5 + z - 5 


2 

z 


5. 


■ = 2 


For 6-8, factor using a negative coefficient for the GCF. 


6 . -a —b 

7. — 3x 2 + 6x - 9 

For 9-24, factor completely. 

9. 24x 9 y 2 - 6x 6 y 7 z 4 

10. —45x 2 + 5 

11. a 3 b — ab + b 

12. 14x+7y 

13. x(2x — 1) + 3(2x — 1) 

14. y(a + b) + {a + b) 

15. x(x - 3) + 2(3 - x) 

16. cx + cy + ax + ay 


8. 3 - x 


17. x 2 - 3x - 4 

18. x 2 - 49 

19. 6x 2 + x - 15 

20. 16x 2 — 25y 2 

21. 27x 3 - 64 

22. 8o 3 + 125b 3 

23. 2x 4 y 2 z 3 - 32x 2 y 2 z 3 

24. a 2 (a + b) —2 ab{a + b) + b 2 {a + b) 
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Rational Expressions 


In this chapter, you apply your skills in factoring polynomials to the charge 
of simplifying rational expressions. A rational expression is an algebraic 
fraction that has a polynomial for its numerator and a polynomial for its 


denominator. For instance, 


x 2 1 


is a rational expression. Because divi- 


x -\- 2x 1 

sion by 0 is undefined, you must exclude values for the variable or variables 
that would make the denominator polynomial evaluate to 0. For conve¬ 
nience, you can assume such values are excluded as you work through the 
problems in this chapter. 


Reducing Algebraic Fractions to Lowest Terms 

The following principle is fundamental to rational expressions. 



Fundamental Principle of Rational Expressions 


If P, Q, and Rare polynomials, then — = — 

du , QR RQ 

R has a zero value. 


P 

O' 


provided neither Q nor 


The fundamental principle allows you to 
reduce algebraic fractions to lowest terms by 
dividing the numerator and denominator by 
the greatest common factor (GCF). 


Before applying the fundamental 
principle of rational expressions, always 
make sure that the numerator and 
denominator contain only factored 
polynomials. 
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Problem Reduce to lowest terms. 


a. 


15 x 5 y 3 z 
30x s y 3 


d. 


e. 


6x 

2x 

x — 3 
3 — x 

3x 

3 + x 

2x + 6 
x 2 + 5x + 6 

x 2 -1 
x 2 + 2x + 1 

x(a - b) + y(a - b) 
x + y 


Solution 


15x 5 y 3 z 

a.- 

30x s y 3 



Step 1. Determine the GCF for 15x s y 3 z and 30x 5 / 3 . 

GCF = 15x 5 / 3 

Step 2. Write the numerator and denominator as equivalent products with 
the GCF as one of the factors. 


15 x 5 y 3 z 15x 3 / 3 • z 
30x 5 / _ 15x> :i ■ 2 


Step 3. Use the fundamental principle to reduce. 
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t Step 1. Determine the GCF for 6x and 2x. 

GCF = 2x 

Step 2. Write the numerator and denominator as equivalent products with 
the GCF as one of the factors. 

6x _ 2x ■ 3 
2x 2x1 

Step 3. Use the fundamental principle to reduce the fraction. 

^•3 3 

&■! 1 


x — 3 


C- 3-x 


Step 1. Factor -1 from the denominator polynomial, so that the x term will 
have a positive coefficient. 



x — 3 
3 — x 


x — 3 

“ —1(—3 + x) 
x — 3 

~ —l(x — 3) 

Step 2. Determine the GCF for x — 3 and —l(x — 3). 

GCF = (x — 3) (Enclose x — 3 in parentheses to emphasize it’s a 
factor.) 

Step 3. Write the numerator and denominator as equivalent products with 
the GCF as one of the factors. 

(x - 3) _ l(x - 3) 

—1(—3 + x) ~ — l(x — 3) 

Step 4. Use the fundamental principle to reduce 
the fraction. 


l{pc^<S) 

1 ( r X~ 3) 


^ Think of (x - 3) as 

1(x — 3). 
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d. 


3x 

3 + x 



Step 1. Determine the GCF for 3x and 3 + x. 


GCF = 1, so 
further. 


3x 

3 + x 


cannot be reduced 


2x + 6 

e. —5- 

x + 5x + 6 


^ x —-—. 3 is a factor of the 

3+x 1+x 

numerator, but it is a term of the 
denominator. It is a mistake to divide 
out a term. 



Step 1. Factor the numerator and denominator polynomials completely. 

2x + 6 _ 2(x + 3) 

x 2 + 5x + 6 (x + 2)(x + 3) 


Step 2. Determine the GCF for 2(x + 3) and (x + 2)(x + 3). 

GCF = (x + 3) 

Step 3. Use the fundamental principle to reduce the fraction (in Step 1). 


2J^K3j __ 2 

(x + 2 x + 2 


f. 


x 2 -1 
x 2 + 2x +1 


—— ^ ^ ———. 6 is a common 

x 2 + 5x + 6 x 2 + 5x 

term in the numerator and denominator, 
not a factor. Only divide out factors. 



Factor the numerator and denominator polynomials completely. 

x 2 -l _ (x + l)(x —1) 
x + 2x +1 (x +1)^ 


Step 2. Determine the GCF for (x + l)(x — 1) and (x + l) 2 . 

GCF = (x + 1) 

Step 3. Write the numerator and denominator as equivalent products with 
the GCF as one of the factors. 


x 2 —1 _ (x + l)(x — 1) 

x 2 + 2x +1 (x + l)(x +1) 
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Step 4. Use the fundamental principle to reduce the fraction. 
(y+frf(x-l) _ x-1 

(y+f+)(x + 1) X + 1 



x(q - b) + y{a - b ) 

’ x + y 

Step 1. Factor the numerator and denominator polynomials completely. 

x(a — b) + y(a — b) (x + y)(a — b) 
x + y (x + y) 


Step 2. Determine the GCF for (x + y)(a - b) and (x + /). 

GCF = (x + y) 

Step 3. Use the fundamental principle to reduce the fraction (in Step 1). 


C y+rf(a-b) 

KM'fT 1 


Remember (x + y) = 1(x + y). 


Multiplying Algebraic Fractions 

To multiply algebraic fractions, (1) factor all numerators and denominators 
completely, (2) divide numerators and denominators by their common fac¬ 
tors (as in reducing), and (3) multiply the remaining numerator factors to 
get the numerator of the answer and multiply the remaining denominator 
factors to get the denominator of the answer. 

Problem Find the product. 

x 2 — 2x +1 3x — 6 
3 * •) - 

x 2 - 4 x-1 

2x + 4 x 2 - 9 
3 — x x 2 + 5x + 6 
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Solution 


x 2 — 2x + 1 3x — 6 
x 2 — 4 x — 1 



Factor all numerators and denominators completely. 

x 2 — 2x +1 3x — 6 
x 2 -4 x-1 

(x — l)(x — 1) 3(x — 2) 

(x + 2)(x —2) (x — 1) 



Step 2. Divide out common numerator and denominator factors. 


(x^()(x — 1) 3{x s ^f) 
(x + 


Be careful! Only divide out factors. 


Step 3. Multiply the remaining numerator factors to get the numerator of 
the answer and multiply the remaining denominator factors to get 
the denominator of the answer. 

_ 3(x -1) 

(x + 2) 


Step 4. Review the main steps. 


x 2 — 2x +1 3x — 6 
x 2 - 4 x-1 

jjo^iy(x— i) 3{g^ r £) 
(x + 2)^^^2y 


3(x -1) 
(x + 2) 



2x + 4 

b. - 

3 - x 


x 2 — 9 
x 2 + 5x + 6 



Step 1. Factor all numerators and denominators completely. 

2x 4r 4 x — 9 
3 x x ~|- 5x 6 

2(x + 2) (x 4~ 3)(x — 3) 

“ — l(x — 3) ’ (x4-2)(x4-3) 


Write all polynomial factors with the variable 
terms first, so that you can easily recognize 
common factors. 






























Rational Expressions 


145 


Step 2. Divide out common numerator and denominator factors. 

2Jb^-4'2)" 

— 1 *) 

Step 3. Multiply the remaining numerator factors to get the numerator of 
the answer, and multiply the remaining denominator factors to get 
the denominator of the answer. 



-1 


Step 4. Review the main steps. 

2x4-4 x 2 -9 _ 2 jjP-KZT (^A^S)(x^S) 

3 x x 4* 5x 4” 6 — 


Dividing Algebraic Fractions 

To divide algebraic fractions, multiply the first algebraic fraction by the 
reciprocal of the second algebraic fraction (the divisor). 


Problem 


Find the quotient: 


x — 2x 4~ 1 
x 2 — x — 6 


x — 3x 4” 2 
x 2 -4 


Solution 


Step 1. 


Change the problem to multiplication by the reciprocal of the 
divisor. 

x~ — 2x 4~ 1 x — 3x 4“ 2 
x 2 — x — 6 x 2 — 4 
x 2 — 2x 4-1 x 2 -4 

x 2 — x — 6 x 2 — 3x 4- 2 


Step 2. Factor all numerators and denominators completely. 

(x — l)(x — 1) (x 4- 2)(x — 2) 

(x — 3)(x 4-2) (x — l)(x — 2) 
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Step 3. Divide out common numerator and denominator factors. 

(x — 3){^A<Z) 

Step 4. Multiply the remaining numerator factors to get the numerator of 
the answer, and multiply the remaining denominator factors to get 
the denominator of the answer. 

_ (*-l) 

(x-3) 

Step 5. Review the main steps. 

x — 2x 4-1 x~ — 3x 4-2 x — 2x 4-1 x — 4 

x 2 — x — 6 x 2 — 4 x 2 — x — 6 x 2 — 3x4-2 

{x^Z){x - 1) (xAfrfix^Z) _ (x -1) 
(x - 3)(xArAZ) (x^£) (x - 3) 


Adding (or Subtracting) Algebraic Fractions, 

Like Denominators 

To add (or subtract) algebraic fractions that have like denominators, place 
the sum (or difference) of the numerators over the common denominator. 
Simplify and reduce to lowest terms, if needed. 

Problem Compute as indicated. 

x + 2 , 2x — 11 
a - x-3 

5x 2 4x 2 +1 

b> 4(x + 1) 4(x + 1) 


Solution 

x 4- 2 , 2x — 11 

a. -v 4-— 

x — 3 x — 3 


Step 1. 


Indicate the sum of the numerators over the common denominator. 

x -f 2 2x —11 
x — 3 x — 3 




















Rational Expressions 


147 


_ (x + 2) + (2x —11) 
x — 3 

Step 2. Find the sum of the numerators. 

_x 2 2x —11 

x — 3 

_ 3x-9 
x — 3 

Step 3. Reduce to lowest terms. 

_ 3(x - 3) _ _ 3 

~~ (*“3) “ “ 1 

Step 4. Review the main steps. 

x + 2 ^ 2x —11 _ 3x — 9 
x-3 x-3 x — 3 


= 3 


_ 3 

1 


b. 


5x 2 

4(x +1) 


4x z +1 
4(x +1) 


Step 1. 


Indicate the difference of the numerators over the common 
denominator. 

5x~ 4x ~E 1 

4(x ~E1) 4(x ~E l) 

_ (5x 2 ) - (4x 2 +1) 

~~ 4(x +1) 


When subtracting algebraic fractions, it is important 
that you enclose the numerator of the second fraction 
in parentheses because you want to subtract the 
entire numerator, not just the first term. 


Step 2. Find the difference of the numerators. 

_ 5x 2 - 4x 2 -1 
4(x +1) 

x 2 -l 
4(x +1) 

Step 3. Reduce to lowest terms. 

x 2 -1 jap-Kfftx -1) (x -1) 
4(x +1) 4{x^rf) 


4 
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Step 4. Review the main steps. 

5x 2 _ 4x 2 +1 _ 5x 2 — 4x 2 — 1 _ x 2 — 1 

4(x “f-1) 4(x 4~ 1) 4(x 4~ 1) 4(x 4~ 1) 

_ ^KT(x-1) _ (x-1) 
4^>K)' ~~ 4 


Adding (or Subtracting) Algebraic Fractions, 

Unlike Denominators 

To add (or subtract) algebraic fractions that have unlike denominators, 
(1) factor each denominator completely; (2) find the least common denomi¬ 
nator (LCD), which is the product of each prime factor the highest number 
of times it is a factor in any one denominator; (3) using the fundamental 
principle, write each algebraic fraction as an equivalent fraction having the 
common denominator as a denominator; and (4) add (or subtract) as for like 
denominators. 

Note: A prime factor is one that cannot be factored further. 

Problem Compute as indicated. 

3x x 

a. ~;-1-x 

x 2 - 4 x-2 

2x — 1 x 

b> x - 3 2x + 2 



Solution 

3x 

x 2 - 4 


x — 2 


Step 1. Factor each denominator completely. 
3x , x 


x 2 -4 + x-2 
3x 


+ - 


x 


(x + 2)(x - 2) (x - 2) 


Step 2. Find the LCD. 

LCD = (x 4- 2)(x - 2) 
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Step 3. Write each algebraic fraction as an equivalent fraction having the 
common denominator as a denominator. 

_ 3x _ x • (x + 2) 

~ (x + 2)(x - 2) + (x - 2) • (x + 2) 

_ 3x x 2 + 2x 

(x + 2)(x — 2) (x — 2)(x + 2) 

Step 4. Add as for like denominators. 

(3x) 4“ (x 4~ 2x) 

(x + 2)(x — 2) 

3x 4~ x 4- 2x 
(x 4- 2)(x — 2) 

x 2 4- 5x 
(x 4- 2)(x — 2) 

x(x 4- 5) 

(x 4- 2)(x — 2) 

Step 5. Review the main steps. 

3x x _ 3x x • (x 4- 2) _ 3x 4- x 2 4- 2x 

x 2 — 4 x — 2 (x 4- 2)(x — 2) (x — 2) • (x 4- 2) (x 4- 2)(x — 2) 

x 2 4- 5x _ x(x 4- 5) 

(x 4- 2)(x — 2) (x 4- 2)(x — 2) 


2x — 1 x 
b ‘ x-3 2x + 2 


Step 1. 


Factor each denominator completely. 

2x — 1 _ x 
x — 3 2x 4~ 2 


2x — 1 x 
(x-3)' 2(x 4-1) 


Step 2. Find the LCD. 

LCD = 2(x - 3)(x 4-1) 
























150 


Easy Algebra Step-by-Step 


Step 3. Write each algebraic fraction as an equivalent fraction having the 
common denominator as a denominator. 

_ (2x - 1) • 2(x + 1) x • (x - 3) 

~ (x — 3) • 2(x + 1) 2(x +1) • (x — 3) 

4x 2 + 2x — 2 x 2 — 3x 

~ 2(x - 3)(x +1) 2(x - 3)(x +1) 

Step 4. Subtract as for like denominators. 

(4x 2 + 2x - 2) (x 2 - 3x) 

_ 2(x - 3)(x +1) 2(x - 3)(x +1) 

(4x 2 + 2x — 2) — (x 2 — 3x) 

2(x - 3)(x +1) 

4x 4~ 2x — 2 — x 4- 3x 
2(x - 3)(x + 1) 

3x 4~ 5x — 2 
~~ 2(x - 3)(x +1) 

_ (3x - l)(x + 2) 

~ 2(x - 3)(x +1) 

Step 5. Review the main steps. 

2x — 1 _ x _ 2x — 1 _ x 

x — 3 2x 4“ 2 (x — 3) 2(x 4~1) 

_ (2x — 1) • 2(x + 1) x • (x — 3) 

~ (x — 3) • 2(x +1) 2(x +1) • (x - 3) 

4x“ 4~ 2x — 2 x — 3x 4x 4- 2x — 2 — x 4~ 3x 

_ 2(x - 3)(x 4-1) 2(x - 3)(x 4-1) _ 2(x - 3)(x +1) 

3x 4- 5x — 2 
“ 2(x — 3)(x 4-1) 

_ (3x - l)(x 4- 2) 

_ 2(x - 3)(x 4-1) 
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Simplifying Complex Fractions 

A complex fraction is a fraction that has fractions in its numerator, denomi¬ 
nator, or both. One way you can simplify a complex fraction is to interpret 
the fraction bar of the complex fraction as meaning division. 


Problem Simplify: —-— 

x y 



Solution 

Step 1. Write the complex fraction as a division problem. 


—I— 

x _ y 

1 1 

x y 


> 

1 


i 

\ 

1 

y\ 


X 

y) 


Step 2. Perform the indicated addition and subtraction. 


y + x 


\y-x] 

xy 


xy 


Step 3. Multiply by the reciprocal of the divisor. 

_ (y + x) xy 
xy (y-x) 

_ (/ + x) y 

(y-x) 

_ (y + x) 

(y-x) 
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Step 4. Review the main steps. 


—I- 

_ y_ 

11 

x y 

(y + x) 


i + - 

X 


1 


( 

1 

1 


y + x 


y-x 

7 


X 

7j 


xy 


xy 


_ (y + x) 
(y -x) (y- x) 


Another way you can simplify a complex fraction is to multiply its 
numerator and denominator by the LCD of all the fractions in its numerator 
and denominator. 


Problem 


Simplify: 


—I- 

* _ y. 

i__± 

x y 



Solution 

Step 1. Multiply the numerator and denominator by the LCD of all the 
fractions. 

- + - 

x _ y_ 

1 1 

x y 


xy 


X 


p 

7. 



1 

7. 


1 _L_ 1 

xy -b xy ■ - 

x 7 

1 1 

xy - xy ■ 

x y 

y + x 


y-x 
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Exercise 13 


For 1-10, reduce to lowest terms. 


1. 


2 . 


3. 


4. 


18x 3 y 4 z 2 
54x 3 z 2 


15y 
3y 

x — 5 
5 — x 

4a 

4 + a 
2x~6 


5- , 

x z - 5x + 6 

For 11-15, compute as indicated. 


11 . 


12 . 


13. 


x 2 - 4x + 4 2x -6 
x 2 - 9 x - 2 
X — 1 . x + 1 


2x — 1 4x — 2 


x — 4 


7. 


x 2 + 4x + 4 
x(o + b) + y(a + b) 


x + y 


7x 


35x -14 


9. 


10 . 


4x 2 y - 4xy - 24y 
2x 2 -18 
x-y 


x 3 — y 3 


14 . 


15. 


2x 


1 


x 2 - 14x + 49 x - 7 

2 _ 

3x 


1 - 2x - 3 x — 3 


x + 1 
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Solving Linear Equations 
and Inequalities 


A linear equation in one variable, say x, has the standard form ax + b = c, 
a ^ 0, where a, b, and c are constants. For example, 3x — 7 = 14 is a linear 
equation in standard form. An equation has two sides. The expression on the 
left side of the equal sign is the left side of the equation, and the expression 
on the right side of the equal sign is the right side of the equation. 


Solving One Variable Linear Equations 

A solution to a one-variable (OV) linear equation is a number that when 
substituted for the variable makes the equation true. An equation is true 
when the left side has the same value as the right side. 

A OV linear equation is an identity if it is true for all admissible values 
of the variable. For example, 4x + 5 = 2x + 2x + 5 is an identity. Any value 
substituted for x will result in a true statement. 

A OV linear equation is a false statement if it has no solution; that is, the 
equation is false no matter what value is substituted for the variable. For 
example, x = x + 9 has no solution. 

A OV linear equation is a conditional equation if it is true for only one value 
for the variable. For example, 2x + 3 = 13, which is true only when x equals 5, 
is a conditional equation. 

To solve a linear equation that has one variable x means to find a numeri¬ 
cal value for x that makes the equation true. When you solve the equation, you 
undo what has been done to x until you get an expression like this: x = solution. 
As you proceed, you exploit the fact that addition and subtraction undo each 
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other; and, similarly, multiplication and division undo one another. Equations 
that have the same solution are equivalent equations. 



The goal in solving a one-variable linear equation is to get the variable by itself 
on only one side of the equation and with a coefficient of 1 (usually understood). 


You solve an equation using the properties of real numbers and simple 
algebraic tools. An equation is like a balance scale. To keep the equation in 
balance, when you do something to one side of the equation, you must do 
the exact same thing to the other side of the equation. 



Tools for Solving One-Variable Linear Equations 

Add the same number to both sides. 

Subtract the same number from both sides. 
Multiply both sides by the same nonzero 
number. 


When you are solving an equation, 
never multiply or divide both sides 
by 0. 


Divide both sides by the same nonzero number. 


Application of one or more of these tools will yield an equation that is 
equivalent to the original equation. You decide which operation to do based 
on what’s been done to the variable. 

As you will see, the steps you go through result in your systematically 
performing appropriate operations. First, remove parentheses, if any. Next 
collect all the variable terms on one side of the equation. Then remove any 
non-variable terms from that side of the equation. Finally, obtain 1 as the 
variable’s coefficient. 


Problem Solve the equation. 

a. 5x + 9 = 3x -1 

b. 4(x - 6) = 40 

c. —3x — 7 = 14 

d. 3x - 2 = 7 - 2x 

x - 3 _ 2x + 4 

e. 2 - 


Some equations are simple enough to solve 
by inspection. For example, you can easily 
determine that 2x = 14 has x = 7 as its 
solution. Many equations are not so easily 
solved, so it is important that you learn a 
step-by-step procedure that will help you 
solve these more challenging equations. 
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Solution 


a. 5x + 9 = 3x — 1 



The variable appears on both sides of the equation, so subtract 3x 
from the right side to remove it from that side. To maintain balance, 
subtract 3x from the left side, too. 


5x + 9 — 3x = 3x — 1 — 3x 


Step 2. Simplify both sides by combining like variable terms. 

2x + 9 = -1 

Step 3. 9 is added to the variable term, so subtract 9 from both sides. 
2x + 9- 9 = -l-9 


Step 4. Simplify both sides by combining constant terms. 

2x = -10 


Step 5. You want the coefficient of x to be 1, so divide both sides by 2. 

2x _ -10 

2 “ 2 


Step 6. Simplify. 
x = — 5 

Step 7. Check your answer by substituting —5 for x in the original equation, 
5x + 9 = 3x — 1. 

Substitute —5 for x on the left side of the equation: 5x + 9 = 5(—5) 
+ 9 = —25 + 9 = —16. Similarly, on the right side, you have 3x — 1 = 
3(—5) — 1 = —15 — 1 = —16. Both sides equal —16, so —5 is the 
solution. 



b. 4(x - 6) = 40 

Step 1. Use the distributive property to remove parentheses. 

4x - 24 = 40 

Step 2. 24 is subtracted from the variable term, so add 24 to both sides. 
4x - 24 + 24 = 40 + 24 

Step 3. Simplify both sides by combining constant terms. 

4x = 64 
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Step 4. You want the coefficient of x to be 1, so divide both sides by 4. 

4x _ 64 

4 4 

Step 5. Simplify. 

x = 16 

Step 6. Check your answer by substituting 16 for x in the original equation, 
4(x - 6) = 40. 

Substitute 16 for x on the left side of the equation: 4(x — 6) = 4 (16 — 
6) = 4(10) = 40. On the right side, you have 40 as well. Both sides 
equal 40, so 16 is the solution. 


c. —3x — 7 = 14 


Step 1. 

Step 2. 


7 is subtracted from the variable term, so add 7 to both sides. 
—3x - 7 + 7 = 14+ 7 

Simplify both sides by combining constant terms. 


-3x = 21 


Step 3. You want the coefficient of x to be 1, so divide both sides by —3. 

—3x _ 21 

-3 -3 


Step 4. Simplify. 
x = — 7 


Step 5. Check your answer by substituting —7 for x in the original equation, 
—3x - 7 = 14. 

Substitute — 7 forx on the left side of the equation: —3x — 7 = —3(—7) — 
7 = 21 — 7 = 14. On the right side, you have 14 as well. Both sides 
equal 14, so —7 is the solution. 

d. 3x - 2 = 7 - 2x 


O Step 1. The variable appears on both sides of the equation, so add 2x to the 
right side to remove it from that side. To maintain balance, add 2x 
■y .r~| to the left side, too. 


3x — 2 + 2x = 7 — 2x + 2x 
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Step 2. Simplify both sides by combining like variable terms. 

5x —2 = 7 

Step 3. 2 is subtracted from the variable term, so add 2 to both sides. 

5x-2 + 2 = 7 + 2 

Step 4. Simplify both sides by combining constant terms. 

5x = 9 

Step 5. You want the coefficient of x to be 1, so divide both sides by 5. 

5x _ 9 

Y~5 

Step 6. Simplify. 
x = 1.8 

Step 7. Check your answer by substituting 1.8 for x in the original equation, 
3x — 2 = 7 - 2x. 

Substitute 1.8 for x on the left side of the equation: 3x — 2 = 3(1.8) — 
2 = 5.4 — 2 = 3.4. Similarly, on the right side, you have 7 — 2x = 7 
— 2(1.8) = 7 —3.6 = 3.4. Both sides equal 3.4, so 1.8 is the solution. 

x - 3 2x + 4 


5 


Step 1. Eliminate fractions by multiplying both sides by 10, the least com¬ 



mon multiple of 2 and 5. Write 10 as — and enclose x — 3 and 2x + 4 
in parentheses to avoid errors. 


10 (x - 3) _ 10 (2x + 4) 

1 2 1 5 


Step 2. Simplify. 


P& (x - 3) _ 2 P& (2x + 4) 


1 4 1 % 

5(x - 3) = 2(2x + 4) 
5x — 15 = 4x + 8 
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Step 3. The variable appears on both sides of the equation, so subtract 4x 
from the right side to remove it from that side. To maintain balance, 
subtract 4x from the left side, too. 

5x — 15 — 4x = 4x + 8 — 4x 

Step 4. Simplify both sides by combining variable terms. 
x — 15 = 8 

Step 5. 15 is subtracted from the variable term, so add 15 to both sides, 
x-15+ 15 = 8 + 15 

Step 6. Simplify both sides by combining constant terms, 
x = 23 


Step 7. 


Check your answer by substituting 23 for x in the original equation, 
x — 3 _ 2x + 4 
2 5 ' 


x — 3 23 — 3 

Substitute 23 for x on the left side of the equation: ——— = —-— 

20 n . ., , , .j , 2x + 4 2(23) + 4 

= — = 10. Similarly, on the right side, you have —-— =--- 

2 5 5 

46 a. 4 60 

= —-— = — = 10. Both sides equal 10, so 23 is the solution. 


Solving Two Variable Linear Equations for a 
Specific Variable 

You can use the steps for solving a one-variable linear equation to solve a 
two-variable linear equation, such as 6 x + 2 y = 10 , for one of the variables 
in terms of the other variable. As you solve for the variable of interest, you 
simply treat the other variable as you would a constant. Often, you need to 
solve for y to facilitate the graphing of an equation. (See Chapter 17 for a 
fuller discussion of this topic.) Here is an example. 

Problem Solve 6 x + 2 y= 10 for y. 

Solution 

Step 1. 6 x is added to the variable term 2 y, so sub¬ 
tract 6 x from both sides. 

6 x + 2y — 6x = 10 — 6x 



When you are solving 6x + 2y = 10 
fory, treat 6xas if it were a 
constant. 
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Step 2. Simplify. 

2y = 10 — 6x 

Step 3. You want the coefficient of/to be 1, so divide both sides by 2. 


Solving One Variable Linear Inequalities 

If you replace the equal sign in a one-variable linear equation with <,>, 
<, or >, the result is a one-variable linear inequality. You solve OV linear 
inequalities just about the same way you solve OV linear equations. There is 
just one very important difference. When you multiply or divide both sides 
of an inequality by a negative number, you must reverse the direction of the 
inequality symbol. To help you understand why you must do this, consider 
the two numbers, 8 and 2. You know that 8 > 2 is a true inequality because 8 
is to the right of 2 on the number line, as shown in Figure 14.1. 

4 ~\ —l—l—l—l—l—l—l—l—l—i—l—l—l—l—l—i-> 

—8 —7 —6 —5 —4 —3 —2 —1 0 1 2 3 4 5 6 7 8 

Figure 14.1 The numbers 2 and 8 on the number line 

If you multiply both sides of the inequality 8 > 2 by a negative number, 
say, — 1 , you must reverse the direction of the inequality so that you will still 
have a true inequality, namely, —8 < —2. You can verify that —8 < —2 is a 
true inequality by observing that —2 is to the right of —8 on the number 
line, as shown in Figure 14.2. 

4-1—i—i—i—i—i—1—i—i—i—i—i—i—i—i—i— 

—8 —7 —6 —5 —4 —3 —2 —1 0 1 2 3 4 5 6 7 8 

Figure 14.2 The numbers —8 and —2 on the number line 

If you neglect to reverse the direction of the inequality symbol after mul¬ 
tiplying both sides of 8 > 2 by — 1 , you get the false inequality —8 > — 2 . 


^ 5 — 6x. You must divide 

2 

both terms of the numerator by 2. 


2/ _ 10 - 6x 

2 2 

Step 4. Simplify. 

/ = 5 — 3x 
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Problem Solve the inequality. 

a. 5x + 6 < 3x — 2 

b. 4(x - 6 ) > 44 

c. — 3x - 7 >14 


Solution 


a. 5x + 6 < 3x — 2 


q Step 1. The variable appears on both sides of the inequality, so subtract 3x 
from the right side to remove it from that side. To maintain balance, 
subtract 3x from the left side, too. 

5x + 6 — 3x < 3x — 2 — 3x 


Step 2. Simplify both sides by combining like variable terms. 
2x 6 <L —2 

Step 3. 6 is added to the variable term, so subtract 
6 from both sides. 

2 x + 6 — 6 < —2 — 6 

Step 4. Simplify both sides by combining constant terms. 

2x < —8 

Step 5. You want the coefficient of x to be 1, 
so divide both sides by 2 . 

2 x ^8 

2 ~2 

Step 6. Simplify. 

x < —4 is the answer. 


When solving an inequality, do not 
reverse the direction of the inequality 
symbol because of dividing both sides by 
a positive number. 


When solving an inequality, do 
not reverse the direction of the 
inequality symbol because of 
subtracting the same number 
from both sides. 


b. 4(x - 6 ) > 44 


q Step 1. Use the distributive property to remove parentheses. 
/ |fL- 4x - 24 > 44 

Step 2. 24 is subtracted from the variable term, 
so add 24 to both sides. 

4x - 24 + 24 > 44 + 24 


When solving an inequality, do 
not reverse the direction of the 
inequality because of adding the 
same number to both sides. 
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Step 3. Simplify both sides by combining constant terms. 

4x > 68 

Step 4. You want the coefficient of x to be 1, so divide both sides by 4. 
4x ^ 68 

Step 5. Simplify. 

x > 17 is the answer. 


c. -3x- 7 >14 



Step 1. 7 is subtracted from the variable term, so add 7 to both sides. 
—3x —7 + 7>14+7 

Step 2. Simplify both sides by combining constant terms. 


3x > 21 


Step 3. You want the coefficient of x to be 1, so divide both sides by —3 
and reverse the direction of the inequality 
because you divided by a negative number. 

-3x 21 

-3 -3 

Step 4. Simplify. 

x < —7 is the answer. 




Exercise 14 

For 1-5, solve the equation forx. 


1. x — 7 =11 

2. 6x-3 =13 

3. x + 3(x - 2) = 2x - 4 


For 7-10, solve the inequality forx. 

7. -x + 9 < 0 

8. 3x + 2 > 6x — 4 


5. 3x + 2 = 6x — 4 

6. Solve for y: -12x + 6y = 9 


9. 

10 . 


3x - 2 < 7 — 2x 
* + 3 > x — 1 
5 - 2 
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Solving Quadratic Equations 


Quadratic equations in the variable x can always be put in the standard form 
ax 2 + bx + c = 0, a ^ 0. This type of equation is always solvable for the vari¬ 
able x, and each result is a root of the quadratic equation. In one instance 
the solution will yield only complex number roots. This case will be singled 
out in the discussion that follows. You will get a feel for the several ways of 
solving quadratic equations by starting with simple equations and working 
up to the most general equations. The discussion will be restricted to real 
number solutions. When instructions are given to solve the system, then 
you are to find all real numbers x that will make the equation true. These 
values (if any) are the real roots of the quadratic equation. 


Solving Quadratic Equations of the Form ax 2 + c = 0 

Normally, the first step in solving a quadratic equation is to put it in stan¬ 
dard form. However, if there is no x term, that is, if the coefficient b is 0, then 
you have a simple way to solve such quadratic equations. 

Problem Solve x 2 = —4. 


Solution 


t Step 1. Because the square of a real number is never negative, there is no 
real number solution to the system. 
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Problem Solve x 2 = 7. 



Solution 

Step 1. Solve for x 2 . 
x 2 = 1 

Step 2. Because both sides are nonnegative, take the square root of both 
sides. 


yfx 2 = V7 

Recall that the principal square root is always 
a. , o o- it j .. i .. nonnegative and the equation %/x 2 = |x| was 

Step 3. Simplify and write the solution. y H 11 

discussed at length in Chapter 3. 

\x\ = sf7 


Thus, x = yjl or x = —Jl. 

As you gain more experience, the solution 


A solution such as x = p7 or x = —Pt is 
usually written x = ±>/7. 


of an equation such as xjx 2 = k, k > 0, can be 

considerably shortened if you remember that = |x| and apply that idea 
mentally. You can write the solution immediately as x = d z^fk. 


Problem Solve x 2 — 6 = 0. 



Solution 

Step 1. Solve for x 2 to obtain the form for a quick solution. 
x 2 = 6 

Step 2. Write the solution. 

The solution is x = d=V6. 


Problem Solve 3x 2 = 48. 



Solution 

Step 1. Solve for x 2 to obtain the form for a quick solution. 

3x 2 = 48 
3x 2 _ 48 
3 “ 3 
x 2 = 16 
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Step 2. Write the solution. 

The solution is x = ±Vl6 = ±4. 

When the coefficient b of ax 2 + bx + c = 0 is not 0, the quick solution 
method does not work. Instead, you have three common methods for solv¬ 
ing the equation: (1) by factoring, (2) by completing the square, and (3) by 
using the quadratic formula. 


Solving Quadratic Equations by Factoring 

When you solve quadratic equations by factoring, you use the following 
property of 0. 



Zero Factor Property 

If the product of two numbers is 0, then at least one of the numbers is 0. 


Problem Solve by factoring. 

a. x 2 + 2x = 0 

b. x 2 + x = 6 

c. x 2 - 4x = -4 


Solution 

a. x 2 + 2x = 0 


n Step 1. Put the equation in standard form. 

x 2 + 2x = 0 is in standard form because only a zero term is on the 
right side. 

Step 2. Use the distributive property to factor the left side of the equation. 
x(x + 2) = 0 


Step 3. Use the zero factor property to separate the factors. 
Thus, x = 0orx + 2 = 0. 


Step 4. Solve the resulting linear equations. 
The solution is x = 0 or x = —2. 
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b. x 2 + x = 6 



Step 1. Put the equation in standard form. 

x 2 + x — 6 = 0 

Step 2. Factor. 

(x - 2)(x + 3) = 0 


Step 3. Use the zero factor property to separate the factors. 
Thus, x — 2 = 0orx + 3 = 0. 

Step 4. Solve the resulting linear equations. 

The solution is x = 2 or x = —3. 



c. x 2 -4x = -4 

Step 1. Put the equation in standard form. 
x 2 — 4x + 4 = 0 

Step 2. Factor. 

(x - 2)(x - 2) = 0 


(x - 2) 2 = 0 


Step 3. Write the quick solution, 
(x - 2) 2 = 0 
x - 2 = ±0 = 0 
The solution is x = 2. 


Solving Quadratic Equations by 
Completing the Square 

You also can use the technique of completing the square to solve quadratic 
equations. This technique starts off differently in that you do not begin by 
putting the equation in standard form. 

Problem Solve x 2 — 2x = 6 by completing the square. 
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Solution 

Step 1. Complete the square on the left side by adding the square of — the 

coefficient of x, being sure to maintain the balance of the equation 
by adding the same quantity to the right side. 

x“ — 2x ~T = 6 4- 

x — 2x 1 = 6 4- 1 


Step 2. Factor the left side. 

(x + l)(x +1) = 7 
(x +1) 2 = 7 

Step 3. Solve using the quick solution method. 


x +1 = ±V7 
X = -l± y/7 

Thus, x = —1 + V7 or x = —1 — . 


Solving Quadratic Equations by 
Using the Quadratic Formula 

Having illustrated several useful approaches, it turns out there is one tech¬ 
nique that will always solve any quadratic equation that is in standard form. 
This method is solving by using the quadratic formula. 



Quadratic Formula 

The solution of the quadratic equation ax 2 + bx + c = 0 is given by the 
-b ± yjb 2 — 4ac 


formula x = 


2a 


The quantity under the radical, b — 4ac, is called 


the discriminant of the quadratic equation. 


If b 2 — 4 ac = 0, there is only one root for the equation. If b 2 — 4 ac > 0, 
there are two real number roots. And if b 1 — 4ac < 0, there is no real number 
solution. In the latter case, both roots are complex numbers because this 
solution involves the square root of a negative number. 
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Problem Solve by using the quadratic formula. 

a. 2x 2 +1 lx + 5 = 0 

b. 3x 2 — 2x +11 = 0 

c. 2x 2 + 2x - 5 = 0 

d. x 2 — 6x + 9 = 0 


Solution 

a. 2x 2 +1 lx + 5 = 0 

Step 1. Put the equation in standard form. 

2x 2 ± llx + 5 = 0 is in standard form. 


Step 2. Identify the coefficients a, b, and c. 
a = 2, b = 11, and c = 5 

Step 3. Substitute the values of the coefficients into the quadratic formula 
and evaluate. 


x = 


x = 


-b±jb 2 -4ac -(11)± n /(11) 2 -4(2)(5) 


2 a 

-11± V121-40 


2 ( 2 ) 


-11 ±781 


x = 


x = 


4 

11 ± 9 


-11 ±9 _2 1 -11-9 _20 

x =-=-=-or x =-=-= —5. 

4 4 2 4 4 


Step 4. State the solution. 


1 


The solution is x =-or x = — 5. 

2 

b. 3x 2 - 2x +11 = 0 

Step 1. Put the equation in standard form. 

3x 2 — 2x ± 11 = 0 is in standard form. 

Step 2. Identify the coefficients a, b, and c. 
a= 3, b = —2, and c = 11 


When you're identifying coefficients for 
ax 2 + bx + c = 0, keep a — symbol with 
the number that follows it. 
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Step 3. Substitute the values of the coefficients into the quadratic formula 
and evaluate. 

-b ± jb 2 - 4ac -(-2) ± y/(-2) 2 - 4(3)(11) 

X_ 2a ~~ 2(3) 

_ 2 ± a/4-132 
6 

_ 2 ± V-128 
6 

Step 4. State the solution. 

Because the discriminant is negative, there is no real number solu¬ 
tion for 3x 2 — 2x +11 = 0. 


c. 2x 2 + 2x - 5 = 0 

Step 1. Put the equation in standard form. 

2x 2 + 2x — 5 = 0 is in standard form. 

Step 2. Identify the coefficients a, b, and c. 
a = 2, b = 2, and c = ^5 

Step 3. Substitute the values of the coefficients into the quadratic formula 
and evaluate. 

-b ± jb 2 - 4ac -(2) ± J(2f - 4(2)(—5) 

X_ 2 a _ 2 ( 2 ) 

-2 ± V4 + 40 
4 

_ ^2=fc^ 

4 

—2 ± ^4(11) Atofe: Writing 44 as 4(11) allows you to take the 
4 square root of 4, which is 2, and place it in front of 

the square root radical as a coefficient. 

_ -2 ± 2 V 1 I _ 2(—1 ± VTT) 

4 ~ 4 

-i± VTT 


2 
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Step 4. State the solution. 


The solution is x = 


-i + Vn 

2 


or x = 


-l-yn 

2 


d. x 2 - 6x + 9 = 0 

Step 1. Put the equation in standard form. 

x 2 — 6x + 9 = 0 is in standard form. 

Step 2. Identify the coefficients a, b, and c. 
a = 1, b = —6, and c = 9 

Step 3. Substitute the values of the coefficients into the quadratic formula 
and evaluate. 

-b ± Jb 2 — 4ac -(-6) ± J(-6) 2 - 4(1)(9) 

X= 2a = 2(1) 

_ 6 ± V36 - 36 
2 

_ 6±>/0 _ 6 _ 3 
“ 2 “ 2 “ 

Step 4. State the solution. 

The solution is x = 3. 



Exercise 15 

1. Solve x 2 — x — 6 = 0 by factoring. 

2. Solve x 2 + 6x = —5 by completing the square. 

3. Solve 3x 2 — 5x +1 = 0 by using the quadratic formula. 


For 4-10, solve by any method. 

4. x 2 — 6 = 8 

5. x 2 — 3x + 2 = 0 

6. 9x 2 + 18x — 17 = 0 

7. 6x 2 — 12x + 7 = 0 


8. x 2 — lOx = —25 

9. —x 2 = —9 
10. 6x 2 = x + 2 
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The Cartesian 
Coordinate Plane 


In this chapter, you learn about the Cartesian coordinate plane. 


Definitions for the Plane 

The Cartesian coordinate plane is defined by two real number lines, one 
horizontal and one vertical, intersecting at right angles at their zero points 
(see Figure 16.1). The two real number lines are the coordinate axes. The 
horizontal axis, commonly called the x-axis, has positive direction to the 
right, and the vertical axis, commonly referred to as the y-axis, has positive 
direction upward. The two axes determine a plane. Their point of intersec¬ 
tion is called the origin. 


Ordered Pairs in the Plane 

In the (Cartesian) coordinate plane, you identify each point P in the plane 
by an ordered pair ( x, y) of real numbers x and y, called its coordinates. The 
ordered pair (0, 0) names the origin. An ordered pair of numbers is written 
in a definite order so that one number is first and the other second. The first 
number is the x-coordinate, and the second number is the y-coordinate (see 
Figure 16.2). The order in the ordered pair ( x,y ) that corresponds to a point 
P is important. The absolute value of the first coordinate, x, is the perpen¬ 
dicular horizontal distance (right or left) of the point P from the /-axis. If x 
is positive, P is to the right of the /-axis; if x is negative, it is to the left of the 
/-axis. The absolute value of the second coordinate, /, is the perpendicular 
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Figure 16.1 Cartesian coordinate plane 
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Figure 16.2 Point Pin a Cartesian coordinate plane 
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vertical distance (up or down) of the point P from the x-axis. If/ is positive, 
P is above the x-axis; if/is negative, it is below the x-axis. 

Problem Name the ordered pair of integers corresponding to point A in 
the coordinate plane shown. 
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Solution 

Step 1. Determine the x-coordinate of A. 

The points is 7 units to the left of the/-axis, so it has x-coordinate —7. 

Step 2. Determine the /-coordinate of A. 

The points is 4 units above the x-axis, so it has/-coordinate 4. 


Step 3. Name the ordered pair corresponding to point A. 

(—7, 4) is the ordered pair corresponding to points. 


Two ordered pairs are equal if and only if their corresponding coordi¬ 
nates are equal; that is, (a, b) = (c, d) if and only if a = c and b = d. 
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Problem State whether the two ordered pairs are equal. Explain your 
answer. 


a. (2, 7), (7, 2) 


b. (-3, 5), (3, 5) 

c. (-4,-1), (4, 1) 


d. (6, 2), 


6 , 


10 ' 
5 , 


Solution 


a. (2, 7), (7, 2) 



Step 1. Check whether the corresponding coordinates are equal. 
(2, 7) ^ (7, 2) because 2 and 7 are not equal. 


b. (-3, 5), (3, 5) 




Step 1. Check whether the corresponding coordinates are equal. 
(—3, 5) ^ (3, 5) because —3 ^ 3. 

c. (-4,-1), (4,1) 

Step 1. (—4, —1) ^ (4, l) either because —4 ^ 4 or because —1 ^ 1. 


d. (6, 2) 


6 , 


10 


because 6 = 6 and 2 = 


10 


Quadrants of the Plane 

The axes divide the Cartesian coordinate plane 
into four quadrants. The quadrants are numbered 
with Roman numerals—I, II, III, and IV—beginning 
in the upper right and going around counterclock¬ 
wise, as shown in Figure 16.3. 

In quadrant I, both coordinates are positive; in quadrant II, the x-coordinate 
is negative, and the /-coordinate is positive; in quadrant III, both coordinates 
are negative; and in quadrant IV, the x-coordinate is positive and the 
/-coordinate is negative. Points that have 0 as one or both of the coordi¬ 
nates are on the axes. If the x-coordinate is 0, the point lies on the /-axis. 
If the/-coordinate is 0, the point lies on the x-axis. If both coordinates of a 
point are 0, the point is at the origin. 


Don't forget that the quadrants 
are numbered counterclockwise. 
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y-axis 
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Figure 16.3 Quadrants in the coordinate plane 


Problem Identify the quadrant in which the point lies. 

a. (4, -8) 

b. ( 1 , 6 ) 

c. (—8, -3) 

d. (-4, 2) 


Solution 


a. (4, -8) 


n Step 1. Note the signs of x and y. 
vcL. x is positive and/is negative. 

Step 2. Identify the quadrant in which the point lies. 

Because x is positive and/is negative, (4, —8) lies in quadrant IV. 


b. ( 1 , 6 ) 

Step 1. Note the signs of x and/. 

x is positive and/is positive. 
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Step 2. Identify the quadrant in which the point lies. 

Because xis positive and/is positive, (1, 6) lies in quadrant I. 


c. (-8, -3) 



Step 1. Note the signs of x and /. 

xis negative and/is negative. 

Step 2. Identify the quadrant in which the point lies. 

Because xis negative and/is negative, (—8, —3) lies in quadrant III. 


d. (-4, 2) 



Step 1. Note the signs of x and/. 

xis negative and/is positive. 

Step 2. Identify the quadrant in which the point lies. 

Because xis negative and/is positive, (—4, 2) lies in quadrant II. 


Finding the Distance Between 
Two Points in the Plane 

If you have two points in a coordinate plane, you can find the distance 
between them using the formula given here. 

Distance Between Two Points 

The distance d between two points (x,y)and 
(x 2 ,y 2 ) in a coordinate plane is given by 

Distance = d = ^j{x 2 - x.,) 2 + (y 2 - y,) 2 

Problem Find the distance between the points ( 

Solution 

Step 1. Specify (x ] , /) and (x 2 , / 2 ) and identify values for x r /, x 2 , and / 2 . 

Let(x 1 , / : ) = (—1,4) and(x 2 , / 2 ) = (5, —3). Then x 1 — — 1, / = 4, x 2 = 5, 
and / 2 = — 3. 



To avoid careless errors when 
using the distance formula, enclose 
substituted negative values in 
parentheses. 

'Ll_ - "" _I___I_I 

-1, 4) and (5, -3). 
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Step 2. Evaluate the formula for the values from step 1. 

d = ^(x 2 - xf + (y 2 - y/ = p - (-1)) 2 + ((-3) - 4) 2 
= yj(5 +1) 2 + (-3 - 4) 2 = sj(6) 2 + (-7 f = V36 + 49 = V85 
Step 3. State the distance. 

The distance between (—1,4) and (5, —3) is %/85 units. 


Finding the Midpoint Between 
Two Points in the Plane 

You can find the midpoint between two points using the following 
formula. 

Midpoint Between Two Points 

<=< The midpoint between two points (x v yj and 
(x 2 ,y 2 ) in a coordinate plane is the point with 
coordinates 

' *1 + *2 jV+jj 
2 ' 2 


When you use the midpoint 
formula, be sure to put plus signs, 
not minus signs, between the two 
x values and the twoy values. 


Problem Find the midpoint between (—1, 4) and (5, —3). 


Solution 


q Step 1. Specify (Xj , y t ) and (x. t , y 2 ) and identify values for x y y v x 2 , and y r 

Let , /j) = (—1,4) and (x 2 , y 2 ) = (5, —3). Then x l = — 1, y 1 = 4, x 2 = 5, 
iMhhi i and y 2 = —3. 


Step 2. Evaluate the formula for the values from step 1. 


Midpoint = 


X 1 + X 2 /1 + T2 


-1 + 5 4 +(-3)' 


4 1 
2 ’ 2 



Step 3. State the midpoint. 

The midpoint between (—1, 4) and (5, —3) is ^2, i 
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Finding the Slope of a Line Through 
Two Points in the Plane 

When you have two distinct points in a coordinate plane, you can construct 
the line through the two points. The slope describes the steepness or slant 
(if any) of the line. To calculate the slope of a line, use the following formula. 

Slope of a Line Through Two Points 

The slope m of a line through two distinct points, 

(x,, y,) and (x 2 , y 2 ), is given by 

y — y 

Slope = m = — -provided x, ^ x, 

x 2 - x, 12 

From the formula, you can see that the slope 
is the ratio of the change in vertical coordinates 
(the rise) to the change in horizontal coordinates (the 
rise 

run). Thus, slope =-. Figure 16.4 illustrates the 

’ r run & 

rise and run for the slope of the line through points P^x v y^) and P. 2 (x 2 ,y 2 ). 



When you use the slope 
formula, be sure to subtract the 
coordinates in the same order 
in both the numerator and the 
denominator. That is, if y 2 is 
the first term in the numerator, 
then x 2 must be the first term 
in the denominator. It is also a 
good idea to enclose substituted 
negative values in parentheses to 
guard against careless errors. 



Figure 16.4 Rise and run 

Tines that slant upward from left to right have positive slopes, and lines 
that slant downward from left to right have negative slopes. Also, horizon¬ 
tal lines have zero slope, but the slope for vertical lines is undefined. 
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Problem Find the slope of the line through the points shown. 


y 




Solution 

Step 1. Specify (x Y , yj and (x 2 , y 2 ) and identify values for x r y v x 2 , and y r 

Let (x x , jj) = (7,5) and ( x 2 , y 2 ) = (—4, —6). Then x l — 7, — 5, x 2 = —4, 

and y 2 = —6. 


Step 2. Evaluate the formula for the values from step 1. 

_ (—6) — 5 _ —6 — 5 _ —11 _ t 
x 2 -x l (-4)-7 -4-7 -11 


Step 3. State the slope. 

The slope of the line that passes through the points (7, 5) and 
(—4, —6) is 1. Note: The line slants upward from left to right—so the 
slope should be positive. 


Problem Find the slope of the line through the two points. 

a. (-1,4) and (5, -3) 

b. (-6, 7) and (5, 7) 

c. (5, 8) and (5, -3) 
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Solution 

a. (-1, 4) and (5, -3) 

Step 1. Specify (x l , y^) and (x 2 , y 2 ) and identify values for x v y v x 2 , and y r 

Let ( x 1 , /j) = (—1,4) and (x 2 , y 2 ) = (5, —3). Then x t = —1, y 1 = 4,x 2 = 5, 
and y 2 = —3. 


Step 2. Evaluate the formula for the values from step 1. 

m = r 2 -/i = (-3)-4 = -3-4 = = _ 7 

x 2 — x 1 5 —(—1) 5 + 1 6 6 

Step 3. State the slope. 

7 

The slope of the line through (—1, 4) and (5, —3) is-. Note: If you 

6 

sketch the line through these two points, you will see that it slants 
downward from left to right—so its slope should be negative. 



b. (-6, 7) and (5, 7) 

Step 1. Specify (x,, y^ and (x 2 , y.j and identify values for x v y v x 2 , and y r 

Let (Xj, /j) = (—6, 7) and (x 2 , y 2 ) = (5, 7). Then x Y = —6, y 1 = 7, x 2 = 5, 
and y 2 = 7. 


Step 2. Evaluate the formula for the values from step 1. 

„ = L = 7 ~ 7 ZnZ = JL = Q 
x 2 — x l 5 — (—6) 5 + 6 11 


Step 3. State the slope. 

The slope of the line that contains (—6, 7) and (5, 7) is 0. Note: If you 
sketch the line through these two points, you will see that it is a 
horizontal line—so the slope should be 0. 



c. (5, 8) and (5, -3) 

Step 1. Specify (x l , y^ and (x 2 , y.j and identify values for x v y v x 2 , and y r 

Let (x : , /j) = (5,8) and (x 0 , y 2 ) = (5, —3). Then x 1 = 5, y 1 = 8, x 2 = 5, and 

+ 2 = -3- 


Step 2. Evaluate the formula for the values from step 1. 


m = 


7 2 -/i _ (—3) — 8 _ -3-8 


11 


= undefined 


x 2 -Xi 


5-5 


5-5 


0 
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Step 3. State the slope. 

The slope of the line that contains (5, 8) and (5, —3) is undefined. 
Note: If you sketch the line through these two points, you will see 
that it is a vertical line—so the slope should be undefined. 


Slopes of Parallel and Perpendicular Lines 

It is useful to know the following: 

If two lines are parallel, their slopes are equal; if two lines are perpendicular, 
\y> their slopes are negative reciprocals of each other. 


Problem Find the indicated slope. 

a. Find the slope m 1 of a line that is parallel to the line through (—3, 4) and 
(- 1 ,- 2 ). 

b. Find the slope m 2 of a line that is perpendicular to the line through (—3, 4) 
and (-1, -2). 


Solution 

a. Find the slope of a line that is parallel to the line through (—3, 4) and 


(- 1 ,- 2 ). 


t Step 1. Determine a strategy. 

Because two parallel lines have equal slopes, m 1 will equal the slope 
m of the line through (—3,4) and (—1, —2); that is, m 1 = m. 

Step 2. Find m. 

m = / 2-/1 = (~2) ~4 = -2-4 = ^6 = _ 3 
X, - X, (—1) — (—3) -1 + 3 2 

Step 3. Determine m y 
m l = m = —3 


b. Find the slope m 2 of a line that is perpendicular to the line through (—3, 4) 
and (-1, -2). 


n Step 1. Determine a strategy. 

Because the slopes of two perpendicular lines are negative recipro- 
mmm cals of each other, m 2 will equal the negative reciprocal of the slope 

m of the line through (—3,4) and (—1, —2); that is, m 2 = ——. 
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Step 2. Find m. 

/ 2 ~/i = (~2)-4 = -2-4 = -6 = 
m x 1 -x l (—1) — (—3) -1 + 3 2 

Step 3. Determine m r 

1 1 1 



Exercise 16 


For 1-6, indicate whether the statement is true or false. 

1. The intersection of the coordinate axes is the origin. 

2. (2, 3) = (3, 2) 

3. 


2 1 


r 4 5 ' 

,3' 2 


6' 10, 


4. The point —5 is in quadrant II. 

5. The point —2^- is in quadrant I 

6. The point (5, 0) is in quadrant I. 


For 7-14, fill in the blank to make a true statement. 

7. The change in y-coordinates between two points on a line is the_ 

8. The change in x-coordinates between two points on a line is the_ 

9. Lines that slant downward from left to right have_slopes. 

10. Lines that slant upward from left to right have_slopes. 

11. Horizontal lines have_slope. 

12. The slope of a line that is parallel to a line that has slope - is_ 

^ 3 

13. The slope of a line that is perpendicular to a line that has slope — is 

14. The slope of a vertical line is_. 

15. Name the ordered pair of integers corresponding to point K in the 
following coordinate plane. 
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y 
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16. Find the distance between the points (1, 4) and (5, 7). 

17. Find the distance between the points (—2, 5) and (4, -1). 

18. Find the midpoint between the points (—2, 5) and (4, —1). 

19. Find the slope of the line through (—2, 5) and (4, —1). 

20. Find the slope of the line through the points shown. 


y 
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Graphing Linear Equations 


In this chapter, you learn about graphing linear equations. 


Properties of a Line 

The graph of a linear equation is a straight line or simply a line. The line 
is the simplest graph of algebra but is probably the most referenced graph 
because it applies to many situations. Moreover, it has some unique proper¬ 
ties that are exploited to great advantage in the study of mathematics. Here 
are two important properties of a line. 



Two Important Properties of a Line 

1. A line is completely determined by two distinct points. 

2. Every nonvertical line has a specific number associated with it called the 
slope. 


See Chapter 16 for an additional discussion of slope. 


Graphing a Linear Equation That Is in 
Standard Form 

The standard form of the equation of a line is Ax + By = C. For graphing 
purposes, the slope-y-intercept form y = mx + b is the most useful. You use 
simple algebraic steps to put an equation of a line in this form. 
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If you have two distinct points ( x 1 ,y 1 ) and (x 2 ,/ 2 ) on a nonvertical line, 

then the slope, m, of the line is given by the ratio m = ———. If the slope 

X 2 ~ x \ 

is negative, the line is slanting down as you move from left to right. If the 
slope is positive, the line is slanting up as you move from left to right. And if 
the slope is 0, the line is a horizontal line. 


Problem Find the slope of the line that passes through the points (4, 6) 
and (3, 7). 


Solution 



Step 1. Use the slope ratio formula to find the slope. 


m = 


/ 2 ~/i 


X 2 X 1 


6-7 

4-3 


-1 

1 


= -l 


When you graph linear equations “by hand,” you put the equation in the 
slope-/-intercept form and then set up an x-y T-table (illustrated below) to 
compute point values for the graph. 


Problem Graph the line whose equation is / — 2x = — 1. 



Solution 

Step 1. Put the equation in slope-/-intercept form by solving for y. 
y- 2 x = —l 
y — 2 x + 2 x = — 1 + 2 x 
/ = — 1 + 2 x 
y = 2 x -1 


Step 2. Set up an x-y T-table. 


X 

/ = 2 x -1 






Step 3. Because two points determine a line, substitute two convenient 
values for x and compute the corresponding/values. 


X 

!— 1 

<3 

ii 

0 

-l 

1 

i 
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Step 4. Plot the two points and draw the line through the points. 


y 



Graphing a Linear Equation That Is in 
Slope y-Intercept Form 

When the equation is in slope-/-intercept form, y = mx + b, the number m 
is the slope, and the number b is the/value of the point on the line where it 
crosses the /-axis. Hence, b is the /-intercept. The x value for the intersec¬ 
tion point is always x = 0. In that case, you actually need to calculate only 
one /value to draw the line. 

Problem Graph the line whose equation is / = 3x + 1. 



Solution 

Step 1. Substitute a value for x other than 0 and compute the corresponding 
/value. 

When x = 1, / = 3(1) + 1 = 4. 
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Step 2. Plot the intercept point (0,1) and the point (1,4) and draw the graph. 

y 



The graph shows 

, . rise 3 

the slope is-= - 

run 1 


that the horizontal run is 1 and the vertical rise is 3, so 
= 3 as verified by the equation / = 3x +1. 


Problem Graph the line whose equation is 3x + 2y = 4. 



Solution 

Step 1. Solve the equation for/to get the slope-/-intercept form. 

3x + 2y = 4 

3x + 2/ — 3x = 4 — 3x 

2 y = —3x + 4 

2 y _ -3x + 4 
2 2 

y =—§x+2 

J 2 


Step 2. Choose a convenient x value, say, x = 2, and compute the corre¬ 
sponding/value. 

y = ^-( 2) + 2 = -i. 
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Step 3. Plot the intercept point (0, 2) and the point (2, —1) and draw the 
graph. 


y 



Observe from the graph that the run is —2 and the rise is 3, so the slope is 

rise S S S 

-= — = — as verified by the equation y = —x + 2. 

run -2 2 } 4 J 2 

As you can see, graphing linear equations is relatively simple because 

all you need is two points that lie on the graph of the equation. Finally, if 

you are using a graphing calculator to graph linear equations, the equation 

must be in slope-/-intercept form. 



Exercise 17 

1. Find the slope of the line through the points (5,11) and (3, 14). 


For 2-6, draw the graph of the line determined by the given equation. 


2. y = —2x + 6 

3. 3y = 5x — 9 

4. y = x 


5. 4y — 5x = 8 
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The Equation of a Line 


In this chapter, you determine the equation of a line. The basic graph of all 
of mathematics is the straight line. It is the simplest to draw, and it has the 
unique property that it is completely determined by just two distinct points. 
Because of this unique property, it is a simple matter to write the equation 
of a line given just two items of critical information. 

There are three common methods for determining the equation of a line. 


Determining the Equation of a Line Given 
the Slope and y Intercept 

The simplest of the methods for determining the equation of a line is to use 
the slope-y-intercept form of the equation of a line: y = mx + b. 

Problem Given the slope m = 3 and the/-intercept = 5, write the 
equation of the line. 


Solution 


o Step 1. Recalling that the slope-/-intercept form of the equation of a line is 
y = mx + b , write the equation. 

w7 :11 The equation of the line is y = 3x + 5. (You can see why this is the 

simplest method!) 
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Problem Given the slope m 
equation of the line. 


^ and the/-intercept = —2, write the 



Solution 

Step 1. Recalling that the slope-y-intercept form of the equation of a line is 
/ = mx + b, write the equation. 

The equation of the line is / = ^x — 2. 


Determining the Equation of a Line Given 
the Slope and One Point on the Line 


Use the point-slope formula m 


y-y Y 


, when you 


x— x l 

have the slope m and a point (Xj,/) on the line. 


Watch your signs when you 
use the point-slope formula. 


Problem Given the slope m = 2 and a point (3,2) on 
the line, write the equation of the line. 



Solution 

Step 1. Let (x, y) be a point on the line different from (3, 2), then substitute 

y— y 

the given information into the point-slope formula: m — --. 

x— x 1 


Step 2. Solve the equation for / to get the slope-/-intercept form of the 
equation. 


2(x — 3) = / — 2 
2x — 6 = y — 2 
2x — 6 + 2 — / — 2 + 2 
2x - 4 -- / 

Step 3. State the equation. 

y = 2x — 4 is the equation of the line. 
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Problem Given the slope m 
equation of the line. 


1 

2 


and a point (—1, 3) on the line, write the 



Solution 

Step 1. Let ( x,y ) be a point on the line different from (—1, 3), then substitute 

y— y 

the given information into the point-slope formula: m — --. 

x — x 1 


y — 3 i 

x — (—1) 2 


Step 2. Solve the equation for y to get the slope-y-i ntercept form of the equation. 

7-31 

x + 1 2 

7 - 3 = |(^ + !) 

O 1,1 

Y — 3 = —x H— 

J 2 2 

7-3 + 3 = i-x + i + 3 

Step 3. State the equation. 

1 7 

y = —x + — is the equation of the line. 


Problem Given the slope m = —2 and a point (0, 0) on the line, write the 
equation of the line. 



Solution 

Step 1. Let (x,y) be a point on the line different from (0, 0), then substitute 

y— y 

the given information into the point-slope formula: m — --. 

x— x l 


y -o 

x — 0 


2 


Step 2. Solve the equation for/to get the slope-y-i ntercept form of the equation. 
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Step 3. State the equation. 

y = — 2x is the equation of the line. 


Determining the Equation of a Line Given Two 
Distinct Points on the Line 

You also use the point-slope formula with this method. 

Problem Given the points (3, 4) and (1, 2) on the line, write the 
equation of the line. 



Solution 

Step 1. Use the two points to determine the slope of the line. 


Step 2. Now use the point-slope formula and one of the given points to finish 
writing the equation. Let (x, y) be a point on the line different from, 
say, (3,4). 

x — 3 


Step 3. Solve the equation for y to get the slope-j-intercept form of the 

equation. 

y — 4 

1 -= 1 

x — 3 

y — 4 = x — 3 
y—4+4=x—3+4 

Step 4. State the equation. 

y = x +1 is the equation of the line. 


Problem Given the points (—1, 4) and (3, —7) on the line, write the equa¬ 
tion of the line. 
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Solution 


Step 1. 


Use the two points to determine the slope of the line. 

4-(-7) 4 + 7 11 

m = -— -=-=- 

(—1) — 3 -4 4 


Step 2. Now use the point-slope formula and one of the given points to finish 
writing the equation. Let ( x , y) be a point on the line different from, 
say, (3, -7). 

y — (—7) _ n 
x — 3 4 

Step 3. Solve the equation for y to get the s 1 ope -y -i ntereept form of the 
equation. 


7 — (—7) _ 11 
x-3 4 


7 + 7 
7 + 7 


-^(x-3) 


33 


11 

—x , 

4 4 


. „ „ 11 , 33 

7 + 7-7 = —-x + —- 
4 4 


11 . 33 28 

/ = ~T X + T^T 


When two points are known, it 
does not make any difference 
which one is chosen to finish 
writing the equation. 


Step 4. State the equation. 


11 5 

y = ——x + — is the equation of the line. 



Exercise 18 


1. Given the slope m = 4 and the y-intercept = 3, write the equation of the line. 

2. Given the slope m = — 3 and the y-intercept = —3, write the equation of the 


line. 


1 


3. Given the slope m = - and the y-intercept = 0, write the equation of the line. 
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4. 

5. 

6 . 

7. 

8 . 
9. 

10 . 


Given the slope m = 2 and a point (1,1) on the line, write the equation of the 
line. 

Given the slope m = — 1 and a point (2, 3) on the line, write the equation of 
the line. 

1 

Given the slope m = - and a point (0,1) on the line, write the equation of the 
line. 5 

Given the points (2,4) and (1,2) on the line, write the equation of the line. 

Given the points (—1,2) and (1,2) on the line, write the equation of the line. 

Given the points (2, —1) and (1,0) on the line, write the equation of the line. 

Given the points (4,4) and (6,6) on the line, write the equation of the line. 
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Representations of a Function 

Basic function concepts are presented in this chapter. One of the fundamen¬ 
tal concepts of mathematics is the notion of a function. In algebra, you will 
see this idea in various settings, and you should become familiar with the 
different representations (forms) of a function. Three of the most frequently 
used representations are presented here. 


Form 1: Ordered Pairs 

A function is a set of ordered pairs such that no two different ordered pairs 
have the same first coordinate. The domain of a function is the set of all first 
coordinates of the ordered pairs in the function. The range of a function is 
the set of all second coordinates of the ordered pairs in the function. 

Problem Determine which of the two sets is a function and identify the 
domain and range of the function. 

/ = {(4,1), (3, 7), (2, 5), (5, 5)} jv = {(5,1), (4, 3), (6,3), (4, 2)} 


Solution 


n Step 1. Analyze the sets for ordered pairs that satisfy the function criteria. 

Set/is a function because no ordered pairs have the same first coor- 
,44771 dinate. Set w is not a function because (4, 3) and (4,2) have the same 

first coordinate, but different second coordinates. 
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Step 2. Isolate the first and second coordinates of the 
function/. 

The domain of/is D = {2, 3,4,5} and the range 
of/is R = {1, 5, 7}. 

Problem Identify the domain and range of the function g = {(1, 2), (2, 3), 
(3,4), (4,5),...}. 

Solution 

Step 1. Isolate the first and second coordinates ofg. 

The domain of g is D = {1,2,3,4,...}, and the range of g is R = 
{2, 3,4, 5,...}. 

Form 2: Equation or Rule 

The ordered pair form is very useful for getting across the basic idea, but 
other forms are more useful for algebraic work. 

A function is a rule of correspondence between two sets A and B such 
that each element in set A is paired with exactly one element in set B. In 
algebra, the rule is normally an equation in two variables. An example is the 
equation y = 3x + 7. For this rule, 1 is paired with 10, 2 with 13, and 5 with 
22. This is equivalent to saying that the ordered pairs (1, 10), (2, 13) and 
(5, 22) are in the function. 

If the domain of a function is not obvious or not specified, then it is gen¬ 
erally assumed that the domain is the largest set of real numbers for which 
the equation has numerical meaning in the set of real numbers. The domain, 
then, unless otherwise stated, is all the real numbers except excluded val¬ 
ues. To determine the domain, start with the real 
numbers and exclude all values for x, if any, that 
would make the equation undefined over the real 
numbers. 

Problem State the domain of the given function. 


Routinely, division by 0 and even 
roots of negative numbers create 
domain problems. 



When listing the elements of 
the domain and range of a 
function, put the elements in 
numerical order. 


b. y = y/x - 2 + 5 
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Solution 


O Step 1. Set the denominator equal to 0 and solve for x. 

■H x-1+1=0+1 

x = 1 


Step 2. State the domain. 

3 

The domain of y = -is all real numbers except 1. 


b. y = y/x-2 + 5 


Step 1. 


Because the square root is an even root, set the term under the radi¬ 
cal greater than or equal to 0 and solve the inequality. 

x-2 >0 


x — 2 + 2 > 0 + 2 


x > 2 


Step 2. State the domain. 

The domain of y = \!x — 2 + 5 is all real numbers greater than or 
equal to 2. 


Terminology of Functions 

A function is completely determined when the domain is known and the 
rule is specified. Even though the range is determined, it is often difficult to 
exhibit or specify the set of numbers in the range. Some of the techniques 
for determining the range of a function are beyond the scope of this book, 
and the focus here will be mostly on the domain and the equation that gives 
the rule. In fact, the words rule and equation will be used synonymously. 

Some common terminology used in the study of functions is the fol¬ 
lowing: (1) Domain values are inputs, and range values are outputs. (2) In 
equations of the form y = 3x + 5, x is the independent variable, and y is 
the dependent variable. Also, a convenient notation for a function is to 
use the symbol /(x) to denote the value of the function / at a given value 
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for x. In this setting, it is convenient to think 
of x as being an input value and /(x) as being an 
output value. You can also write the function 
/ = 3x + 5 as /(x) = 3x + 5, where y =/(x). 

Problem Find the value of the function/(x) = 3x + 5 at the given x value. 

a. x = 3 

b. x = 0 


The notation f(x) does not mean f 
timesx. It is a special notation for 
the value of a function. 




Solution 

a. x = 3 

Step 1. Check whether 3 is in the domain of the function. 

The equation will generate real number values for each real number x. 
The domain, then, is all real numbers. Thus, 3 is in the domain of/. 

Step 2. Substitute the given number for x in the equation and evaluate. 

/(3) = 3(3) + 5 
/(3) = 14 

b. x = 0 

Step 1. Check whether 0 is in the domain of the function. 

The equation will generate real number values for each real number x. 
The domain, then, is all real numbers. Thus, 0 is in the domain of/. 

Step 2. Substitute the given number for x in the equation and evaluate. 

/(0) = 3(0) + 5 
/(0) = 5 


Problem Find the value of the function g(x) = /x — 3 + 2x at the given x 
value. 

a. x = 4 

b. x = 1 


c. x = 8 
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Solution 



Step 1. Check whether 4 is in the domain of the function. 

The square root of a negative number is not a real number, so set 
x — 3 > 0 and solve the inequality to determine the domain of the 
function. 


x — 3 > 0 
x > 3 

The domain is all real numbers greater than or equal to 3. Thus, 4 is 
in the domain of g. 


Step 2. Substitute 4 for x in the equation and evaluate. 
g(4) = 74^3+2(4) 
g (4) = VT + 8 
g(4) = 9 


b. x = 1 

n Step 1. Check whether 1 is in the domain of the function. 

The square root of a negative number is not a real number, so set 
umm x — 3 > 0 and solve the inequality to determine the domain of the 

function. 

x — 3 > 0 

x > 3 

The domain is all real numbers greater than or equal to 3. Thus, 1 is 
not in the domain ofg, so the function has no value at 1. 


c. x = 8 


q Step 1. Check whether 8 is in the domain of the function. 

The square root of a negative number is not a real number, so set 
mmm x — 3 > 0 and solve the inequality to determine the domain of the 

function. 


x — 3 > 0 
x > 3 

The domain is all real numbers greater than or equal to 3. Thus, 8 is 
in the domain of g. 
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Step 2. Substitute 8 for x in the equation and evaluate. 
g( 8) = /8-3+2(8) 
g(8) = yfs + 16 

Problem Find the value of the function f{x) = i]x + 1 + 3 at the given x 
value. 

a. x = — 9 

b. x = 0 


Solution 


a. x= -9 



Check whether —9 is in the domain of the function. 

Because the cube root is an odd root number, there is no restriction 
on the values under the radical. The domain, then, is all real numbers, 
so —9 is in the domain of/. 


Step 2. Substitute —9 for x in the equation and evaluate. 

/(~9) = + 1+3 

/(—9) = yJ—8 + 3 
/(- 9 ) = —2 + 3 = 1 


b. x = 0 



Check whether 0 is in the domain of the function. 

Because the cube root is defined for all real numbers, there is no 
restriction on the values under the radical. The domain, then, is all 
real numbers, so 0 is in the domain of/. 


Step 2. Substitute 0 for x in the equation and evaluate. 
/(0)= 3/(0)+ 1 + 3 

/(0) = 111 + 3 = 4 
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Form 3: Graphical Representation 

An additional way to represent a function is by graphing the function in 
the Cartesian coordinate plane. You can easily determine whether a graph 
is the graph of a function by using the vertical line test. A graph is the graph 
of a function if and only if no vertical line crosses the graph in more than 
one point. This is a quick visual determination and is the graphical 
equivalent of saying that no two different ordered pairs have the same first 
coordinate. 


Problem Determine which of the following is the graph of a function. 

y y y 



Solution 


o Step 1. Mentally apply the vertical line test to each graph. 

a. This is the graph of a function. 

b. This is not the graph of a function because a vertical line drawn through 

the point x = 1 will cross the graph in more than one point. (Actually, there are 
infinitely many vertical lines that will cross in more than one point, but 
it only takes one to ascertain it is not a function.) 

c. This is the graph of a function. 


Some Common Functions 

Some of the more common functions you will study in algebra are listed 
here in general form and given special names. 


a. y = f{x) = ax + b 

b . y = fix) = ax 2 + bx + c, a ^ 0 


Linear function 
Quadratic function 
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c. y = |x| Absolute value function 

d. y = yfx Square root function 

Chapter 17 dealt with the graph of linear functions. Sample graphs 
of the four functions above are shown in Figure 19.1. These are easily 
graphed with a graphing calculator, which is a good tool to have when you 
study algebra. 


y 



y 



y 





A 







9 . 












A 













f 



2- 

r 

g(x) 




Figure 19.1 Sample graphs of four common functions: a) linear function; 
b) quadratic function; c) absolute value function; d) square root function 


Of course, you can graph these functions “by hand” by setting up an x-y 
T-table and substituting several representative values for x. 

Functional relationships naturally occur in many and various circum¬ 
stances. A few examples will illustrate. 
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Problem Establish a functional relationship between the radius of a 
circle and its area. 



Solution 

Step 1. The formula for the area of a circle is irr 2 , where r is the radius. 
Area = A = tt r 2 

Step 2. Express the area of a circle as a function of its radius. 

A{r) = nr 2 


Problem Establish a functional relationship between the x and y values 
in the following table. 


X 

3 

4 

5 

6 

7 

y 

7 

9 

11 

13 

15 



Solution 

Step 1. Look for a pattern that will connect the two numbers and describe 
the pattern in words. 

The/number is twice the x number plus 1. 


Step 2. Write the pattern for / in terms of x. 
y = 2x + 1 



Exercise 19 

1. Determine which of the sets are functions. 


a. f= {(2,1), (4, 5), (6, 9), (5, 9)} 

b. g = {(3,4), (5,1), (6, 3), (3, 6)} 

c. h = {(2,1)} 

d. t = {(7, 5), (8, 9), (8, 9)} 

2. State the domain and range of the function g = {(4, 5), (8, 9), (7, 7), 
(6, 7)}. 
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3. Find the domain of each of the functions. 

a. y = f[x) = 5x — 7 

b. y = g{x) = yjlx - 3 + 4 

c. y= *Ltl 

7 x — 5 

. 2x 2 + 5 

Cl. y = - 

X 2 — 4 

4. If f(x) = 5 y/x + 2 — 3, find the indicated value. 

a. f(2) 

b. f(-1) 

c. m 

d. f(—3) 

5. Which of the graphs is the graph of a function? 



6. Write the equation for the functional relationship between x and y. 


X 

2 

3 

4 

5 

y 

9 

13 

17 

21 
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Systems of Equations 


In algebra, you might need to solve two linear equations in two variables 
and to solve them simultaneously. Three methods for solving two simulta¬ 
neous equations are presented in this chapter. 


Solutions to a System of Equations 

From Chapter 19, the equation of a linear function has several forms, but 
for the purposes of this chapter, the form ax + by = c is preferred. You 
know from Chapter 17 that the graph of a linear 
equation is a line. When you encounter two such 
equations, the basic question you should ask your¬ 
self is, “What are the coordinates of the point of 
intersection, if any, of the two lines?” 

This question has three possible answers. 

If the lines do not intersect, there is no solution. If the two lines intersect, 
there is only one solution—an ordered pair (x, y). If the two lines are equal 
versions of the same line, then there are infinitely many solutions—an infi¬ 
nite set of ordered pairs. 

Finally, when you are solving two linear equations in two variables, an 
example of the standard form of writing them together is 

2x — y = 0 
x + y = 3 


Remember from Chapter 16 that the 
location of a point is an ordered pair 
of coordinates such as (x,y). 
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You solve the system when you answer the question: What are the coor¬ 
dinates of the point of intersection, if any, of the two lines? Here are three 
methods for solving a system of equations. 


Solving a System of Equations by Substitution 

To solve a system of equations by substitution, you solve one equation for 
one of the variables in terms of the other variable and then use substitution 
to solve the system. (See Chapter 14 for a discussion on how to solve linear 
equations.) 

Problem Solve the system. 

2x — y = 0 
x + / = 3 

Solution 

Step 1. Solve the first equation, 2x — y = 0, for / in te 
2x — y = 0 
2x-y + y = 0 + y 
2 x = y 

Step 2. Substitute 2x for y in the second equation, 
x + y = 3, and solve for x. 

x + (2x) = 3 

3x = 3 

3x _3 

~3~ “ 3 

x = 1 

Step 3. Substitute 1 for x in the second equation, 
x + y = 3, and solve for/. 

1 + 7 = 3 
I+/-1 3-1 

7 = 2 

Step 4. Check whether x = 1 and/ = 2 satisfy both 
equations in the system. 


Always check your solution in 
both equations when you solve a 
system of two linear equations. 


When you use the substitution 
method, you can substitute the 
value forx in either equation. Just 
pick the one you think would be 
easier to work with. 



ms of x. 


When you use the substitution 
method, enclose substituted 
values in parentheses to avoid 
errors. 
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2x — y = 0 
x + y = 3 


2 ( 1 )-( 2 ) = 2-2 = 0 
(1) + (2) = 1 + 2 = 3 


Check. V 


Step 5. Write the solution. 

The solution is x = 1 and y = 2. That is, the 
two lines intersect at the point (1, 2). 

Problem Solve the system. 

2x-/ = 4 



x + y = 5 



Solution 

Step 1. Solve the second equation, x + y 
x + y = 5 

x+y-y=5-y 

x = 5 — y 


5, for x in terms of/. 


Step 2. Substitute 5 — / for x in the first equation, 2x — y = 4, and solve 
for/. 

2(5-/)-/ = 4 
10 — 2/ — y = 4 
10 - 3/ = 4 
10 - 3y -10 = 4 -10 

-3y=-6 

-3/ _ -6 
-3 -3 

7 = 2 

Step 3. Substitute 2 for/in the second equation, x + y = 5, and solve for x. 
x + (2) = 5 
x 4“ 2 = 5 
x+2 — 2 = 5 — 2 
x = 3 
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Step 4. Check whether x = 3 and y = 2 satisfy both equations. 

2x - y = 4 2(3) - (2) = 6 - 2 = 4 

; Check, yj 

x + y = 5 (3) + (2) = 3 + 2 = 5 

Step 5. Write the solution. 

The solution is x = 3 and y = 2. That is, the two lines intersect at the 
point (3, 2). 

Solving a System of Equations by Elimination 

To solve a system of equations by elimination, you multiply the equations by 
constants to produce opposite coefficients of one variable so that it can be 
eliminated by adding the two equations. 

Problem Solve the system. 

2x — y = 4 
x + 2y = —3 


Solution 



Step 1. To eliminate x, multiply the second equation by —2. 

2x — y = 4 -> 2x - y = 4 

X + 2y = —3 Multiply by -2 ’ — 4/ = 6 


Step 2. Add the resulting two equations. 

2x — y = 4 
—2x — 4y = 6 
-5y = 10 

Step 3. Solve —5y = 10 for y. 

-5 y = 10 

-5 y = io 

-5 -5 

7 =-2 

Step 4. Substitute —2 for/in one of the original equations, 2x — y = 4, and 
solve for x. 

2x - (-2) = 4 
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2x “I - 2 — 4 

2x = 2 
2x _ 2 
2 “ 2 

x = 1 


Step 5. 


Check whether x = 1 and / 
2x-/ = 4 2(1) — (— 2) 

x + 2y = -3 (1) + 2(—2) 


= —2 satisfy both original equations. 


=2+2=4 
= 1-4 =-3 


Check. V 


Step 6. Write the solution. 

The solution is x = 1 and / = —2. That is, the two lines intersect at 
the point (1, —2). 


Problem Solve the system. 
5x + 2y = 3 
2x + 3/ = —1 



Solution 

Step 1. To eliminate/, multiply the first equation by 3 and the second equa¬ 
tion by —2. 

5x + 2/ = 3 —^E l y - b x 2 .^ i 5x + 6/ = 9 

2X + 3/ = —1 M ult ipl y b y~ +2 ^ ~4x - 6/ = 2 


Step 2. Add the resulting two equations. 
15x + 6/ = 9 
—4x — 6/ = 2 

llx = 11 

Step 3. Solve llx = 11 for x. 

llx = 11 
llx _ 11 
11 ~ 11 

x = 1 
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Step 4. Substitute 1 for x in one of the original equations, 5x + 2y = 3, and 
solve for/. 

5(1)+ 2/= 3 
5 “I - 2 y — 3 
5 +2/- 5 = 3- 5 
2 / = —2 
2y = z 2 
2 2 

7 = -l 


Sfep 5. Check whether x = 1 and / = — 1 satisfy both original equations. 
5x + 2/ = 3 5(1) + 2(—1) = 5-2 = 3 

2x + 3/ = -1 2(1) + 3(—1) = 2 - 3 = -1 


Check. \J 


Step 6. Write the solution. 

The solution is x = 1 and / = — 1. That is, the two lines intersect at 
the point (1, —1). 


Solving a System of Equations by Graphing 

To solve a system of equations by graphing, you graph the two equations and 
locate (as accurately as possible) the intersection point on the graph. Because 
graphing devices such as graphing calculators and computer algebra systems 
require the slope-intercept form of the equation of 
straight lines, the steps will include writing the equa¬ 
tions in that form. (See Chapter 17 for a discussion of 
the slope-intercept form.) 


The graphing method might 
yield inaccurate results due to 
the limitations of graphing. 


Problem Solve the system. 
2x + 5/ = 3 
3x — 2/ = 1 
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Solution 

Step 1. Write both equations in slope-intercept form. 


The first equation, 2x + 5y = 
The second equation, 3x — 2 y 


3, yields / = ——x + 

5 5 


= 1, yields y = ^x — 


Step 2. Graph both equations on the same coordinate plane. 


y 



You can find an approximate solution of x ~ 0.579 and y ~ 0.368 by using a 
graphing utility. These values are close estimates but will not exactly satisfy 

either equation. Of course, you can find the exact solution of x = — and 

7 

y = — by using either the substitution method or the elimination method. 

Nevertheless, the graphical approach gives you the 
approximate location of the intercept (if any), and, 
more important, this method helps you see the con¬ 
nection between the solution and the graphs of the 
two equations. 


When an exact solution is 
needed, do not use the graphing 
method for solving a system of 
equations. 
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Exercise 20 

For 1-3, solve by the substitution method. 


1. x-2y = -4 3. 4x + 2y = 8 

2x + y = 7 2x - 3y = -8 

2. 4x — y = 3 
x-3y = -13 


For 4-6, solve by the elimination method. 

4. —2x + 4y = 8 6. 2x + y = 4 

-2x — y = — 7 4x — 6y = —16 

5. 8x — 2y = 6 

x-3y = -13 


For 7 and 8, estimate solutions by using the graphing method. 

7. 3x — 2y = 3 8. 7x+14y = 2 

6x + 2y = 9 14x —7y = —11 
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Signal Words and Phrases 


Algebra is an efficient tool for solving word problems. 

You model the problems using algebraic symbolism in 
which variables represent unknown quantities. Then you 
use the rules and procedures of algebra to find solutions 
to the problems. To be successful in the modeling pro¬ 
cess, you need skills in translating everyday language 
into algebraic language. 

This chapter presents common signal words and phrases that give clues 
to the translation of verbal expressions and statements into algebraic 
shorthand. From previous chapters, particularly Chapter 6, you have some 
familiarity with algebraic expressions. This chapter builds on what you 
already know (for example, that 5x means 5 times x) so that you can apply 
that knowledge in a practical setting. 


Recall that you usually 
express a variable as an 
upper or lowercase letter 
(such as x, y, z, A, B, or C.) 


Common Signal Words and Phrases for Addition 

Examples of common signal words and phrases that indicate addition are 
shown in the following table. Just as in arithmetic, the plus sign (+) is the 
symbol for addition. 
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SIGNAL WORD OR PHRASE 

EXAMPLE 

AL GEBRA/C SYMBOLISM 

Plus 

x plus 100 

x 100 

Added to 

10 added to an integer n 

n + 10 

Sum 

The sum of 2x and 3 y 

2x + 3 y 

Total of 

The total of x, y, and z 

x + y+ z 

More than 

25 more than 10 A 

10 A + 25 

Greater than 

5 greater than 8/ 

8y+ 5 

Increased by 

4m increased by 15 

4m + 15 



Problem: Translate each verbal expression into algebraic symbolism. 

a. The sum of 5x and 40 

b. 9 more than 6y 

c. The total of 4x, 3y, and 7b 

d. C increased by 120 

e. 400 increased by 50x 
Solution: 

a. The sum of 5x and 40 
Step 1. Identify the signal word or phrase. 

The word sum indicates addition. 

Step 2. Translate the verbal expression. 

5x + 40 



b. 9 more than 6y 

Step 1. Identify the signal word or phrase. 

The phrase more than indicates addition. 
Step 2. Translate the verbal expression. 

6/+9 



c. The total of 4x, 3y, and 7b 
Step 1. Identify the signal word or phrase. 

The phrase total of indicates addition. 
Step 2. Translate the verbal expression. 

4x + 3y+7b 
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d. C increased by 120 

Step 1. Identify the signal word or phrase. 

The phrase increased by indicates addition. 
Step 2. Translate the verbal expression. 

C +120 

e. 400 increased by 50x 

Step 1. Identify the signal word or phrase. 

The phrase increased by indicates addition. 
Step 2. Translate the verbal expression. 

400 + 50x 


Common Signal Words and Phrases for Subtraction 

Examples of common signal words and phrases that indicate subtraction 
are shown in the following table. Just as in arithmetic, the minus sign (—) is 
the symbol for subtraction. Notice in the table that the order of the terms in 
subtraction is important. 


SIGNAL WORD OR PHRASE 

EXAMPLES 

AL GEBRA/C SYMBOLISM 

Minus 

x minus 13 

x — 13 


13 minus x 

13 — x 

Subtracted from 

40 subtracted from 5 K 

5 K- 40 


5 K subtracted from 40 

40 - 5 K 

Difference 

The difference of 2x and/ 

2 x—/ 


The difference of/and 2x 

/- 2x 

Less than 

zless than 27 

27 -z 


27 less than z 

z-21 

Fewer than 

25 fewer than 2 n 

2 n — 25 


2n fewer than 25 

25 — 2 n 

Decreased by 

/decreased by 50 

y- 50 


50 decreased by/ 

50-/ 

Reduced by 

370 reduced by 2 a 

370 - 2 a 


2a reduced by 370 

2 a - 370 

Diminished by 

1,000 diminished by B 

1,000 - B 


B diminished by 1,000 

B - 1,000 
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Problem Translate each verbal expression into algebraic symbolism. 

a. The difference of 50xand 75y 

b. 98 decreased by 4 w 

c. 17b subtracted from 200 

d. C less than 165 

e. 600 reduced by 22 A 



Solution 

a. The difference of 50x and 75y 
Step 1. Identify the signal word or phrase. 

The word difference indicates subtraction. 

Step 2. Translate the verbal expression. 

50x — 75 y 



b. 98 decreased by 4i n 

Step 1. Identify the signal word or phrase. 

The phrase decreased by indicates subtraction. 

Step 2. Translate the verbal expression. 

98 — 4w 



c. 17b subtracted from 200 
Step 1. Identify the signal word or phrase. 

The phrase subtracted from indicates subtraction. 

Step 2. Translate the verbal expression. 

200 - 17 b 


d. C less than 165 

Step 1. Identify the signal word or phrase. 

The phrase less than indicates subtraction. 
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Step 2. Translate the verbal expression. 

165 - C 

e. 600 reduced by 224 

Step 1. Identify the signal word or phrase. 

The phrase reduced by indicates subtraction. 
Step 2. Translate the verbal expression. 

600 - 22,4 

Common Signal Words and Phrases for 
Multiplication 

Examples of common signal words and phrases 
that indicate multiplication are shown in the fol¬ 
lowing table. Three ways to denote multiplication in 
algebraic expressions are juxtaposition (that is, 
side-by-side placement), parentheses, and the dot 
multiplication symbol (•). Commonly, juxtaposition 
and parentheses are used when the factors involve 
variables. Use the dot multiplication symbol or 
parentheses when the factors are constants. 


The times sign (x) is not used in 
algebraic expressions. 

v___ _ ) 

r \ 

Use the word quantity to make 
your meaning clear, as in the 
quantity (z + 4). 



SIGNAL WORD OR PHRASE 

EXAMPLE(S) 

AL GEBRA/C SYMBOLISM 

Times 

x times/ 

xy 


8 times 45 

8 • 45 or (8)(45) or 8(45) 

Product 

The product of 5m and 3 n 

(5m)(3n) or 5m(3n) 

Multiplied by 

60 multiplied by x 

60x 

Twice, double, triple, 
fourfold, fivefold, etc. 

Twice the quantity (z + 4) 

2 (z + 4) 

Of (when it comes 

10 ofx 

lOx 

between two 

5% of 200 

5%(200) 

numerical quantities) 

- of A 

4 

-A 

4 
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Problem: Translate each verbal expression into algebraic symbolism. 

a. The product of 50x and 20 

b. 56 times 8 

c. 14x multiplied by 3y 

d. 250 of z 

e. 25% of 406 






Solution: 

a. The product of 50x and 20 
Step 1. Identify the signal word or phrase. 

The word product indicates multiplication. 

Step 2. Translate the verbal expression. 

(50x)(20) 

b. 56 times 8 

Step 1. Identify the signal word or phrase. 

The word times indicates multiplication. 

Step 2. Translate the verbal expression. 

56 • 8 or (56)(8) 

c. 14x multiplied by 3y 

Step 1. Identify the signal word or phrase. 

The phrase multiplied by indicates multiplication. 

Step 2. Translate the verbal expression. 

04x1(3/) 

d. 250 of z 

Step 1. Identify the signal word or phrase. 

The word of between two numerical quantities indicates multiplication. 

Step 2. Translate the verbal expression. 

250z 


Never use juxtaposition to 
show multiplication between 
constant factors. Writing the 
factors 56 and 8 side by side 
looks like 568, instead of the 
product, 56 times 8. 
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e. 25% of 406 


n Step 1. Identify the signal word or phrase. 

kfi The word of between two numerical quantities indicates multiplication. 

Step 2. Translate the verbal expression. 

25%(405) 


Common Signal Words and Phrases for Division 


Examples of common signal words and phrases that indicate division are 


shown in the following table. In algebraic expressions, 
the fraction bar is used to indicate division, as shown 

here: dividend. Observe in the table that the order 
divisor 

r \ 

Neither of the division symbols, 

4 - or j"" , is used in algebraic 
expressions. 

1 J 

of the parts in a 

division expression is important. 


SIGNAL WORD OR PHRASE 

EXAMPLES 

AL GEBRA/C SYMBOLISM 

Divided by 

a divided by b 

a 



b 


b divided by a 

b 

a 

Quotient 

The quotient of 60 and 5x 

60 



5x 


The quotient of 5x and 60 

5x 

60 

Ratio 

The ratio of W to M 

W 



M 


The ratio of iff to W 

M 

W 

For every, for each 

x for every 100 

X 



100 

Per 

100c per m 

100c 


m 
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Problem Translate each verbal expression into 
algebraic symbolism. 

a. The ratio of 600xto 125y 

b. 34p divided by 17 

c. 2,500 per 1,000K 

d. The quotient of C and d 

e. The quantity (2x + 1) divided by 4 


Caution: Division by zero is 
undefined. For example, 
has no meaning. 0 



Solution: 

a. The ratio of 600xto 125y 
Step 1. Identify the signal word or phrase. 
The word ratio indicates division. 

Step 2. Translate the verbal expression. 
600x 

1257 



b. 34p divided by 17 

Step 1. Identify the signal word or phrase. 

The phrase divided by indicates division. 

Step 2. Translate the verbal expression. 


34/; 

TT 



c. 2,500 per 1,000/C 

Step 1. Identify the signal word or phrase. 
The word per indicates division. 

Step 2. Translate the verbal expression. 


2,500 


1,000AT 
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d. The quotient of C and d 

Step 1. Identify the signal word or phrase. 

The word quotient indicates division. 

Step 2. Translate the verbal expression. 

C 

d 

e. The quantity (2x+ 1) divided by 4 

Step 1. Identify the signal word or phrase. 

The phrase divided by indicates division. 

Step 2. Translate the verbal expression. 

2x T1 
4 


Common Signal Words and Phrases for Equality 

Examples of common signal words and phrases that indicate equality are 
shown in the following table. Just as in arithmetic, the equal sign (=) is the 
symbol for equality. 


SIGNAL WORD OR PHRASE 

EXAMPLE 

AL GEBRA/C SYMBOLISM 

Equals, is equal to 

0.05 n + 0.10 d 
equals 48.85. 

0.05n + O.lOcf = 48.85 

Is, are, will be 

(2iT + 5) + (iT + 5) 

will be 52. 

(2K + 5) + (K + 5) = 52 

Yields, gives 

2%(10,000) + 3%x 
yields 620. 

2%(l0,000) + 3%x = 620 

Results in 

30%x + 60%(500) 
results in 

40%(x + 500). 

30%x + 60%(500) 

= 40%(x + 500) 
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Problem Translate each verbal statement into 
algebraic symbolism. 

a. 2 w+ 2(w+ 5) yields 78. 

b. (3n — 10) is equal to (2 n + 5). 

c. 15x + 6(300 — x) results in 9(300). 

d. J- equals — . 

13.5 0.5 

e. C is 7r d. 


Do not put periods at the end of 
algebraic symbolism for verbal 
statements. 



Solution: 

a. 2w + 2 {w+ 5) yields 78. 

Step 1. Identify the signal word or phrase. 
The word yields indicates equality. 

Step 2. Translate the verbal expression. 

2 w 2(i v + 5) = 78 



b. (3n — 10) is equal to (2 n + 5). 

Step 1. Identify the signal word or phrase. 

The phrase is equal to indicates equality. 

Step 2. Translate the verbal statement. 

(3 n - 10) = (2 n + 5) 



c. 15x+ 6(300 — x) results in 9(300). 

Step 1. Identify the signal word or phrase. 

The phrase results in indicates equality. 

Step 2. Translate the verbal statement. 

15x + 6(300 - x) = 9(300) 
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d. 


d 

13.5 


equals 


20 
0.5 ' 




Step 1. Identify the signal word or phrase. 
The word equals indicates equality. 

Step 2. Translate the verbal statement. 

d = 20 
13.5 “ 0.5 

e. C is 7r d. 

Step 1. Identify the signal word or phrase. 
The word is indicates equality. 

Step 2. Translate the verbal statement. 

C = nd 


A final note: The signal words and phrases in this chapter are by no means 
all-inclusive. However, they are representative of the kinds of words and 
phrases that typically occur in word problems. 


o Exercise 21 

fid , , For 1—10, translate each verbal expression into algebraic symbolism. 

1. The sum of 80x and 500 

2. 125 increased by 40%x 

3. The difference of P and 2w 

4. K" less than 100 

5. 420 reduced by 5y 

6. The product of 50x and 20 

7. 1 of 25 M 
4 

8. The quotient of 525 and r 
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9. The ratio of 1 0d to 135 

10. The quantity (5x — 3) divided by 5 

For 11-15, translate each verbal statement into algebraic symbolism. 

11. 6%6 yields 57.60. 

12. 0.25x + 0.10(42 - x) is equal to 5.55. 

13. 55f + 65f results in 624. 

14. c 2 equals 8 2 + 15 2 . 

15. (L + 13) is 
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Word Problems 


Word problems are an opportunity for you to experience the application of 
algebraic techniques to everyday situations. To be successful with solving 
word problems, you need to take a system¬ 
atic approach. In this chapter, you will learn 
and apply a step-by-step process for solving 
word problems algebraically. 


Resist the urge to solve word problems by 
trial and error. That approach works only 
with simplistic problems and is often futile 
for more complicated situations. 


Algebraic Problem Solving Process 

Six annotated steps in the algebraic problem-solving process are given in 
the following chart. 


Step 1. Understand the problem. 

Is it a problem that fits a familiar type (for example, a percentage problem)? Identify 
what the problem is asking you to determine. In other words, what is the question? 
Look for words/phrases such as determine, what is, how many, how far, how much, 
find, and so on. Identify the unknowns that will lead to a solution. 

Step 2. Represent the unknowns with variable expressions. 

As you represent unknowns, make explicit statements such as "Letx = ..." so it is 
clear what each variable represents. Specify the variable's units, if applicable. 
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In problems with one or more unknowns, you can 
assign different variable names to each unknown. 

Another way to deal with multiple unknowns is to 
assign a variable name to one of the unknowns and 
then identify relationships that allow you to express 
the other unknowns in terms of that variable. If one 
of the unknowns is described in terms of another 
unknown, designate the variable as the unknown 
used in the description. For example, if Micah is twice 
as old as Katy, then let K = Katy's age (in years) and 
2 K = Micah's age (in years). 

Step 3. Analyze the question information. 

Using the variable representations determined in step 2, record what you know 
including units, if any. Decide whether there is a formula that is relevant to the 
situation in the problem. Make a table or chart, sketch a figure, or draw a diagram, 
if applicable. Write one or more statements of equality that accurately model the 
relationships in the problem. If units are involved, check that the indicated calcula¬ 
tions will result in proper units (see "Be Careful with Units" below for an additional 
discussion of this topic). 

Step 4. Use algebraic symbolism to model the problem. 

Translate the statement(s) of equality from step 3 into one or more equations. Reread 
the problem to make sure your model accurately represents the situation posed. 

StepS. Solve the equation(s). 

Use appropriate procedures to solve the equation(s). For convenience you can omit 
units while solving equations, because you have already checked that the results 
will have the proper units. 

Step 6. Verbalize your solution and assess its reasonableness. 

State the solution in words. Did you answer the question asked? Did you include the 
units, if applicable? Does your solution make sense in the context of the problem? 


^ _ . 

f \ 

Choosing the first letter of the 
name of an unknown as its variable 
representation can help you keep the 
variable names straight. 


f N 

Whether you use one variable name 
or two or more variable names, the 
problem-solving process leads to one- 
variable linear equations. 

^__y 


Keep in mind that problem solving seldom 
occurs in a linear fashion. Not infrequently, 
you will have to go back to a previous step. As 
you gain confidence in your problem-solving 


Be flexible. The problem-solving 
process is systematic, but not rigid. You 
can make impromptu modifications 
that fit your problem-solving style. 
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ability, you might skip steps, or even com¬ 
bine steps. Nevertheless, the problem-solving 
process in this chapter can serve as a guide 
to assist you in solving a multitude of word 
problems. 


When looking at the examples in this 
chapter, realize there are usually multiple 
ways to solve a problem. You might think 
of ways to reach the correct solutions 
other than the ones shown. 


Be Careful with Units 


Word problems often involve quantities that are specified with units (such 
as 20 inches, 4.5 pounds, 2.5 hours, 5 years, 60 miles per hour, $200, etc.). In 
mathematical computations involving units, a completely defined quantity 
has both a numerical component and a units component. The units must 
undergo the same mathematical operations that are performed on the nu¬ 
merical component of the quantity. 

You can add or subtract units only if they can be expressed as like units. 
For example, 20 in +15 in = 35 in and 1 hr + 30 min = 1 hr + 0.5 hr = 1.5 hr. 
(See the Appendix for a Measurement Units and Conversions table.) 

You can multiply and divide units whether they are like or unlike. However, 
the resulting product or quotient must have meaning in the context of the 
problem. You perform operations on units like you do on numbers. For example, 


(5 ft)(8 ft) = 40 ft 2 and 60 


miles 

mr 


(2.5 hr) = 


60 


miles 


K 


(2.5 ptr) = 150 miles. 


Age Relationships 

In age relationships problems, comparisons are usually made in specified 
time periods (present, future, or past). 



Problem Micah is twice as old as Katy. Five years from now the sum of 
their ages will be 52. How old will Micah be in 10 years? 

Step 1. Understand the problem. 

This is an age relationships problem. The problem asks you to deter¬ 
mine Micah’s age 10 years from now. You have two unknowns that 
will lead to a solution: Micah’s age now and Katy’s age now. 

Step 2. Represent the unknowns with variable expressions. 

Tet K = Katy’s age now (in years). Then 2 K = Micah’s age now 
(in years). 
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Step 3. Analyze the question information. 

Make a table to organize the information given. 


1 WHEN? 

KATY'S AGE 

MICAH'S AGE 

SUM 


(IN YEARS) 

(IN YEARS) 

(IN YEARS) 

Now 

K 

2 K 

Not given 

In 5 years 

K+5 

2K+ 5 

52 

In 10 years 

K+ 10 

2K+ 10 

Not given 


Write a statement of equality that expresses facts shown in the 
table. 

(if+5) plus {2K+5) is 52. 

Check units: years plus years yields years V 

Step 4. Use algebraic symbolism to model the problem. 

Translate the statement in step 3 into algebraic symbolism. 

(K + 5) + (2 K + 5) = 52 

Step 5. Solve the equation. 

(K + 5) + (2 K + 5) = 52 
K + 5 + 2K + 5 = 52 
3K +10 = 52 
3K +10 —10 = 52 —10 
3K = 42 
_ 42 

X 3 
K = 14 

Find (2 K + 10), Micah’s age 10 years 
from now. 

2K +10 = 2(14) +10 = 28 +10 = 38 
Step 6. Verbalize your solution and assess its reasonableness. 

Micah will be 38 years old in 10 years. This answer has the correct 
units and makes sense in the context of the problem. 


Make sure you answer the question asked. 
In this age problem, after you obtain K, 
you must calculate (2 K + 10) to answer the 
question. 
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Consecutive Numbers 

Consecutive integers follow each other in order and differ by 1. Consecutive even 
integers and consecutive odd integers follow each other in order and differ by 2. 



Problem The greatest of three consecutive integers is 10 more than twice 
the second integer. What is the greatest of the three integers? 

Step 1. Understand the problem. 

This is a consecutive integers problem. The problem asks you to 
determine the value of the greatest of three consecutive integers. 
You have three unknowns that will lead to a solution: the first inte¬ 
ger, the second integer, and the third integer. 

Step 2. Represent the unknowns with variable expressions. 

Tet n = the first integer, n + 1 = the second integer, and n + 2 = the 
third integer (the greatest one). 

Step 3. Analyze the question information. 

Write a statement of equality that expresses the facts given in the 
question. 

(n + 2) is 10 more than 2 times (n + 1). 

Check units: No units are needed. 

Step 4. Use algebraic symbolism to model the problem. 

Translate the statement in step 3 into algebraic symbolism. 

(n + 2) = 2{n +1) + 10 
Step 5. Solve the equation. 

(n+2) = 2(n +1) +10 
n + 2 = 2n + 2 +10 
n + 2 — 2n + 12 
n + 2 — 2n = 2n + 12 — 2n 
—n + 2 = 12 
n + 2-2 = 12 -2 
—n = 10 
n = -10 


Find n + 2, the greatest integer. 
n + 2 — —10 T 2 = —8 
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Step 6. Verbalize your solution and assess its reasonableness. 

The greatest of the three integers is —8. This answer makes sense in 
the context of the problem. 



Problem The sum of the first and second of three consecutive odd inte¬ 
gers is 35 less than 3 times the third integer. What are the three integers? 

Step 1. Understand the problem. 

This is a consecutive odd integers problem. The problem asks you to 
find the three odd integers. You have three unknowns that will lead 
to a solution: the first odd integer, the second odd integer, and the 
third odd integer. 

Step 2. Represent the unknowns with variable expressions. 

Tet n = the first odd integer, n + 2 = the second odd integer, and 
n + 4 = the third odd integer. 

Step 3. Analyze the question information. 

Write a statement of equality that expresses the facts given in the 
question. 

The sum of n and (n + 2) is 35 less than three times (n + 4). 

Check units: No units are needed. 


Step 4. Use algebraic symbolism to model the problem. 

Translate the statement in step 3 into algebraic symbolism. 
n T (/z -f 2) = 3{n -I- 4) — 35 
Step 5. Solve the equation. 

n (ti -f- 2) = 3{n -j- 4) — 35 
n + n + 2 = 3 n -E12 — 35 


2n + 2 = 3n-23 
2n J r2 — 2n = 3n — 23 — 2n 


2 = n - 23 
2 -E 23 — ti — 23 23 


25 = n 

Find n + 2 and n + 4. 
n -f* 2 = 25 + 2 = 27 
n + 4 = 25 + 4 = 29 
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Step 6. Verbalize your solution and assess its reasonableness. 

The three odd integers are 25, 27, and 29. This answer makes sense 
in the context of the problem. 


Ratios 

A ratio is a quotient of two quantities. If the two quantities are A and B, 
then the ratio of A to B is the quotient —. If A and B have a common factor, 

CLX 

x, then the ratio can be written as -— where a and b are other factors of A 

bx 

CLX 

and B, respectively. In fact, any ratio can be written in the form — where 

24 

x is a common factor. You can write the ratio — as 

64 

24 6-4 3-8 3-1 3 ^ , , , .3 

— =-=-=-= —. Ihe reduced form is —. 

64 16-4 8-8 8-1 8 8 

In word problems, if two quantities are in the ratio a to b and you know 
their sum is c, express the two quantities as ax and bx, where x is a common 
factor. Next, solve ax + bx = c, for x, and then compute ax or bx, whichever 
is needed. 

Problem The ratio of boys to girls in a classroom of 35 students is 3 to 4. 
How many girls are in the classroom? 

Step 1. Understand the problem. 

This is a ratio problem. You are to find how many girls are in the 
classroom. This number is unknown. Also unknown is the number 
of boys in the classroom. 

Step 2. Represent the unknowns with variable expressions. 

Tet 3x = the number of boys in the classroom and 4x = the number 
of girls in the classroom. 

Step 3. Analyze the question information. 

Write a statement of equality based on the following fact: 

The number of boys plus the number of girls in the class is 35. 

3xplus 4xis 35. 

Check units: No units are needed. 



The reduced form of a ratio has 
only 1 as the common factor. 
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Step 4. Use algebraic symbolism to model the problem. 

Translate the statement in step 3 into algebraic symbolism. 

3x + 4x = 35 

Step 5. Solve the equation. 

3x + 4x = 35 
7x = 35 
/x _ 35 

y t 

x = 5 

Find 4x, the number of girls. 

4x = 4(5) = 20 

Step 6. Verbalize your solution and assess its reasonableness. 

There are 20 girls in the classroom. This answer makes sense in the 
context of the problem. 

Mixtures 

In a mixture problem, the amount (or value) of a substance before mixing 
equals the amount (or value) of that substance after mixing. 

Problem How many milliliters of a 30% alcohol solution must be added 
to 500 milliliters of a 60% alcohol solution to yield a 40% alcohol solution? 

Step 1. Understand the problem. 

This is a mixture problem. You are to find how many milliliters of 
the 30% alcohol solution must be added. This amount is unknown. 
Also unknown is how many milliliters are in the final solution. 

Step 2. Represent the unknowns with variable expressions. 

Let x = the amount (in milliliters) of the 30% alcohol solution that 
must be added. Then x + 500 = the amount (in milliliters) in the 
final solution. 

Step 3. Analyze the question information. 



You can extend the strategy 
shown in this problem to three or 
more quantities. 
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Make a table to organize the information given. 


WHEN? 

PERCENT ALCOHOL 

AMOUNT 

AMOUNT OF ALCOHOL 


STRENGTH 

(IN MILLILITERS) 

(IN MILLILITERS) 

Before 

30% 

X 

30%X 


60% 

500 

60%(500) 

After 

40% 

x+ 500 

40%(x + 500) 


Using the table, write a statement of equality based on the following 
fact: 

The amount of alcohol before mixing equals the amount of alcohol 
after mixing. 

30%xplus 60%(500) is 40%(x + 500). 

Check units: milliliters plus milliliters yields milliliters V 
Step 4. Use algebraic symbolism to model the problem. 

Translate the statement in step 3 into algebraic symbolism. 

30% x + 60% (500) = 40% (x + 500) 

Step 5. Solve the equation. 

30% x + 60%(500) = 40%(x + 500) 

0.30x + 0.60(500) = 0.40(x + 500) 

0.30x + 300 = 0.40x + 200 
0.30x + 300 — 0.40x = 0.40x + 200 — 0.40x 
-O.lOx + 300 = 200 
—O.lOx + 300 - 300 = 200 - 300 
—O.lOx = —100 

^orfix _ -loo 
^Orlh' ~~ -0.10 
x = 1000 

Step 6. Verbalize your solution and assess its reasonableness. 

1000 milliliters of the 30% alcohol solution must be added. This 
answer has the correct units and makes sense in the context of the 
problem. 
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Problem A candy store owner mixes candy that normally sells for 
$11.50 per pound and candy that normally sells for $19.90 per pound to 
make a 30-pound mixture to sell at $17.10 per pound. To make sure that 
$17.10 per pound is a fair price, how many pounds of the $11.50 candy 
should the owner use in the mixture? 



Step 1. Understand the problem. 

This is a mixture problem. You are to find how many pounds of the 
$11.50 candy should be in the mixture. This amount is unknown. 
Also unknown is the amount of $19.90 candy in the mixture. 

Step 2. Represent the unknowns with variable expressions. 

Let x = the amount (in pounds) of the $11.50 candy in the mixture 
and / = the amount (in pounds) of the $19.90 candy in the mixture. 

Step 3. Analyze the question information. 

Make a table to organize the information given. 


WHEN? 

PRICE 

AMOUNT 

VALUE 


(IN DOLLARS PER POUND) 

(IN POUNDS) 

(IN DOLLARS) 

Before 

11.50 

X 

11.50* 


19.90 

y 

19.90/ 

After 

17.10 

30 

17.10(30) 


Using the table, write two state¬ 
ments of equality based on the fol¬ 
lowing facts: 

(1) The amount of candy before mix¬ 
ing equals the total amount of candy after mixing; and (2) the value 
of the candy before mixing equals its total value after mixing. 

(1) x plus /is 30. 

Check units: pounds plus pounds yields pounds. V 

(2) 11.50xplus 19.90/equals 17.10(30). 

Check units: P^ us ~^i^) V 

Step 4. Use algebraic symbolism to model the problem. 

Translate the statements in step 3 into algebraic symbolism to 
obtain a system of two linear equations in two variables. 


When you have two variables, you must 
write two statements of equality in order 
to determine a definite solution. 
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(1) x + y = 30 

(2) 11.50* +19.90/ = 17.10(30) 

Step 5. Solve the equations. 

(1) x + / = 30 

(2) 11.50* +19.90/ = 17.10(30) 

Using the method of substitution, solve equation (1) for/in terms ofx. 

x + / = 30 
x + y — x = 30 — x 
/ = 30 — x 

Substitute the result into equation (2) and solve for x. 

11.50x +19.90/ = 17.10(30) 

11.50x +19.90(30 - x) = 17.10(30) 

11.50x + 597 - 19.90x = 513 
—8.40x + 597 = 513 
—8.40x + 597 - 597 = 513 - 597 
—8.40x = -84 

—8.40x _ -84 
-8.40 -8.40 

x = 10 

Step 6. Verbalize your solution and assess its reasonableness. 

10 pounds of the $11.50 candy should be in the mixture. This answer 
has the correct units and makes sense in the context of the problem. 


Coins 

In a coins problem, the value of a collec¬ 
tion of coins equals the sum of the values 
of the coins in the collection. 

Problem Andrei has ajar containing 759 U.S. nickels and dimes that 
have a total value of $53.30. How many nickels are in the jar? 

Step 1. Understand the problem. 

This is a coins problem. You are to find the number of nickels in the 
jar. This number is unknown. Also unknown is the number of dimes 
in the jar. 



Of course, in coins problems, you must assume 
there are no rare coins in the collections that 
would be worth more than their face values. 
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Step 2. Represent the unknowns with variable expressions. 

Let n = the number of nickels and d = the number of dimes in 
the jar. 

Step 3. Analyze the question information. 

Make a table to organize the information given. 


DENOMINATION 

NICKELS 

DIMES 

TOTAL 

Face value per coin (in dollars) 

0.05 

0.10 

N/A 

Number of coins 

n 

d 

759 

Value of coins (in dollars) 

0.05 n 

0.10 d 

53.30 


Step 4. Using algebraic symbolism, write two equations that represent the 
facts shown in the table, being sure to mentally check units. 

(1) n + d = 759 

(2) 0.05« + 0.10<i = 53.30 
Step 5. Solve the equations. 

(1 ) n + d = 759 

(2) 0.05n + 0.10c? = 53.30 

Using the method of substitution, solve equation (1) for d in terms 
of n. 

n + d = 759 


This problem illustrates that, in the 
problem-solving process, you can take 
shortcuts and do routine actions mentally. 


n + d — n = 759 — n 
d = 759 — n 

Substitute the result into equation (2) and solve for n. 
0.05 n + 0.10c? = 53.30 
0.05n + 0.10(759 -n) = 53.30 
0.05n + 75.90 - O.lOn = 53.30 
—0.05n + 75.90 = 53.30 
—0.05« + 75.90 - 75.90 = 53.30 - 75.90 
—0.05n = -22.60 

^Qg n _ -22.60 
^ftOS" ~ 0.05 


n = 452 
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Step 6. Verbalize your solution and assess its reasonableness. 

There are 452 nickels in the jar. This answer has the correct units 
and makes sense in the context of the problem. 


Rate-Time Distance 



The distance formula is d = rt (or equiva¬ 
lently, rt = d), where d is the distance a 
vehicle travels at a uniform rate of speed, r, 
for a given length of time, t. 

Problem A car and a van leave the same location at the same time. 

The car travels due east at 70 miles per hour. The van travels due west at 
60 miles per hour. How long will it take for the two vehicles to be 325 miles 
apart? 

Step 1. Understand the problem. 

This is a rate-time-distance problem. The two cars travel at different 
speeds. The two vehicles leave at the same time. You are to find the 
time it will take for the two vehicles to be 325 miles apart. This time 
is unknown. 

Step 2. Represent the unknown with a variable expression. 

Tet t = the time in hours the two vehicles will be 325 miles apart. 
Step 3. Analyze the question information. 

Make a table to organize the information given. 


For the formula d = rt, the time units for 
the rate must match the time period units. 


VEHICLE 

RATE 

TIME 

DISTANCE 


(IN MILES PER HOUR) 

(IN HOURS) 

(IN MILES) 

Car 

70 

t 

lOt 

Van 

60 

t 

601 


Sketch a diagram. 


van 

I <- west_ 60 f| 

Start 

I 


car 

70f_east -> 

-1 


325 miles 
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The diagram shows that the sum of the distances traveled by the 
two vehicles equals 325 miles. Write a statement of equality that 
expresses the facts shown. 


60tplus 70f is 325 miles. 
Check units: m ^ es 




( pr ) plus m ^ S (jrrj yields miles. 




Step 4. Use algebraic symbolism to model the problem. 

Translate the statement in step 3 into algebraic symbolism. 


60f + 70£ = 325 


Step 5. Solve the equation. 
60f + 70 1 = 325 
130f = 325 

)Mt _ 325 
qatf 130 
t = 2.5 


Step 6. Verbalize your solution and assess its reasonableness. 

It will take 2.5 hours for the two vehicles to be 325 miles apart. This 
answer has the correct units and makes sense in the context of the 
problem. 


Work 


In work problems, the portion of a task completed in a unit time period 
is the reciprocal of the amount of time it takes to complete the task. For 
example, if it takes Kalisha four hours, working alone, to paint a hallway, 
then the portion of the hallway she can paint in one hour, working alone, 

is — of the hallway. Additionally, when two or more individuals (machines, 

devices, entities, etc.) work together, the portion of the work done per unit 
time by the first individual plus the portion of the work done per unit time 
by the second individual plus the portion of 
the work done per unit time by the third in¬ 
dividual and so on equals the portion of the 
work done per unit time when all individuals 
work together. 


In work problems, the unit time for the 
work done must be the same for all, 
individually and combined. 
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Problem Kalisha can paint a hallway in 4 hours working alone. Jamie 
can do the same task in 6 hours working alone. How long (in hours) will it 
take Kalisha and Jamie, working together, to paint the hallway? 

Step 1. Understand the problem. 

This is a work problem. You are to find the time it will take for Ka¬ 
lisha and Jamie to paint the hallway working together. This time is 
unknown. 


Step 2. Represent the unknown with a variable expression. 

Tet t = the time it will take Kalisha and Jamie, working together, to 
paint the hallway. 

Step 3. Analyze the question information. 

Make a table to organize the information given. 


SITUATION 


TIME PORTION OF HALLWAY 

(IN HOURS) PER HOUR 


Kalisha working alone 4 

Jamie working alone 6 

Kalisha and Jamie working t 

together 


1 

4 

1 

6 

1 

t 


Using the table, write a statement of equality based on the following 
fact: 


The portion of the hallway done per hour by Kalisha plus the por¬ 
tion of the hallway done per hour by Jamie equals the portion of the 
hallway done per hour by Kalisha and Jamie working together. 

of the hallway per hour plus ^ of the hallway per hour equals j of 

the hallway per hour. 

hallway , hallway . , , hallway , 

Check units: —-- plus —-- yields —-- .V 

hour hour hour 


Step 4. Use algebraic symbolism to model the problem. 

Translate the statement in step 3 into algebraic symbolism. 
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Step 5. Solve the equation. 


I + i = i 

4 6 t 

A + A = I 

12 12 t 

_5__1 
12 t 

y£t 5 _ 12/ 
1 ' yi~ 1 


/ 


_ 12 
X “ 5 

t = 2.4 


Step 6. Verbalize your solution and assess its reasonableness. 

The time it will take Kalisha and Jamie, work¬ 
ing together, to paint the hallway is 2.4 hours. 

This answer has the correct units and makes 
sense in the context of the problem. 


Percentage 

Formula and Terminology 

In simple percentage problems use the formula 
P = RB, where P is the percentage (the “part of the 
whole”), R is the rate (the quantity with a % sign or 
the word percent attached), and B is the base (the 
“whole amount”). 


In word problems, a percent 
without a base is usually 
meaningless. Be sure to identify 
the base associated with each 
percent mentioned in a problem. 


The time it will take when two or 
more individuals (or machines, 
devices, entities, etc.) work 
together (in a positive way) 
is always less than the least 
individual time. 


Finding the Percentage 



Problem Josie works at an electronics store that pays sales personnel a 
commission rate of 2% on total sales, hast week, Josie’s sales totaled $2,812. 
What commission did Josie earn last week? 

Step 1. Understand the problem. 

This is a percentage problem. You are to find the amount of Josie’s 
commission last week. This amount is unknown. 

Step 2. Represent the unknown with a variable expression. 

Tet P = the amount of Josie’s commission (in dollars) 
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Step 3. Analyze the question information. 

The formula P = RB applies to the situation in this problem. Josie’s 
commission is P, which is unknown; R is 2%; and B is $2,812. 


Step 4. Use algebraic symbolism to model the 
problem. 

Model the problem by substituting the facts 
from step 3 into the formula P = RB. 

P = RB 

P = (2%)($2,812) 

Check units: $ = $ V 
Step 5. Solve the equation. 

P = (2%)($2,812) 

P = (0.02)($2,812) 

P = $56.24 


When you have a formula, skip 
the statement of equality in step 
3 and go on to step 4. 


There are no units associated 
with a percent. 


Occasionally, you may have to 
check units in step 4, rather than 
in step 3. 

I J 

f \ 

Change percents to decimals or 
fractions to perform calculations. 


Step 6. Verbalize your solution and assess its reasonableness. 

Josie earned $56.24 in commission last week. This answer has the 
correct units and makes sense in the context of the problem. 


Finding the Base 



Problem An online store offered a 20% discount on all clothing items 
during a 2-day sale. Rafael got $30.80 off the price of a coat he purchased 
during the sale. What was the original price of the coat? 

Step 1. Understand the problem. 

This is a percentage problem. You are to find the original price of the 
coat. This amount is unknown. 

Step 2. Represent the unknown with a variable expression. 

Tet B = the original price of the coat (in dollars) 

Step 3. Analyze the question information. 

The formula P = RB applies to the situation in this problem. The 
original price of the coat is B, which is unknown; R is 20%; and P is 
$30.80. 
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Step 4. Use algebraic symbolism to model the problem. 

Model the problem by substituting the facts from step 3 into the for¬ 
mula P = RB. 

P = RB 

$30.80 = 20 %B 

Check units: $ = $ V 

Step 5. Solve the equation. 

$30.80 = 20 %B 

$30.80 = 0.20 B 

$30.80 _ &2(>B 

0.20 ~ 

$154 = B 

Step 6. Verbalize your solution and assess its reasonableness. 

The original price of the jacket is $154. This answer has the correct 
units and makes sense in the context of the problem. 


Finding the Rate 



Problem A customer paid a sales tax of $9.90 on a camera that cost $120. 
What is the sales tax rate for the purchase? 

Step 1. Understand the problem. 

This is a percentage problem. You are to find the sales tax rate for 
the purchase. This amount is unknown. 

Step 2. Represent the unknown with a variable expression. 

Let R = the sales tax rate for the purchase. 

Step 3. Analyze the question information. 

The formula P = RB applies to the situation in this problem. The 
sales tax rate is R, which is unknown; P is $9.90; and B is $120. 

Step 4. Use algebraic symbolism to model the problem. 

Model the problem by substituting the facts from step 3 into the for¬ 
mula P = RB. 


P = RB 

$9.90 = R($ 120) 


Check units: $ = $ V 
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Step 5. Solve the equation. 

$9.90 = U($120) 

/9.90 R{p2fi) 

/120 ~~ 

0.0825 = R 

Write the answer as a percent. 

R = 0.0825 = 8.25% 

Step 6. Verbalize your solution and assess its reasonableness. 

The sales tax rate for the purchase is 8.25%. This answer makes 
sense in the context of the problem. 


Simple Interest 

The simple interest formula is I = Prt (or equiva¬ 
lently, Prt = I), where / is the simple interest accu¬ 
mulated on a principal, P, at a simple interest rate, 
r, per time period for t time periods. 

Problem How many years will it take $10,000 invested at 2% annual 
interest to earn $1,500 in interest? Note: 2% annual interest = a rate of 
2% per year. 

Step 1. Understand the problem. 

This is a simple interest problem. You are to find how many years it 
will take an investment of $10,000 to earn $1,500 in interest at a rate 
of 2% per year. This time period is unknown. 

Step 2. Represent the unknown with a variable expression. 

Tet t = the time (in years) it will take the investment to earn $1,500 
in interest at the given rate. 

Step 3. Analyze the question information. 

The formula / = Prt applies to the situation in this problem. The 
time period is t, which is unknown; / is $1,500; P is $10,000; and r is 
2% per year. 

Step 4. Use algebraic symbolism to model the problem. 

Model the problem by substituting the facts from step 3 into the for¬ 
mula / = Prt. 



For the formula / = Prt, the 
interest rate time units must 
match the time period units. 
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/ = Prt 

$1,500 = ($10,000) 


2 % 


Check units: $ = ($) 


y r 

2 % 


(0 


/ 


/) 


Step 5. Solve the equation. 

Omit the units for convenience. 


1,500 = (10,000)(2%)(£) 
1,500 = 200f 

1,500 _ ?MSt 
200 ~ 

7.5 = t 


Put units that follow the word per 
in a denominator. 


Step 6. Verbalize your solution and assess its reasonableness. 

It will take 7.5 years for an investment of $10,000 to earn $1,500 in 
interest at a rate of 2% per year. This answer has the correct units 
and makes sense in the context of the problem. 


Number Relationships 



Problem One number is 4 times another number. Twice the sum of the 
two numbers is 85. Find the larger number. 

Step 1. Understand the problem. 

This is a number relationships problem. You are to find the larger 
of two numbers. This number is unknown. Also unknown is the 
smaller of the two numbers. 

Step 2. Represent the unknowns with variable expressions. 

Let s = the smaller number and 4s = the larger number. 

Step 3. Write a statement of equality that expresses the facts given in the 
question. 

2 times (s + 4s) is 85. 

Check units: No units are needed. 

Step 4. Use algebraic symbolism to model the problem. 

Translate the statement in step 3 into algebraic symbolism. 

2(s + 4s) = 85 
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Step 5. Solve the equation. 

2(s + 4s) = 85 
2s + 8s = 85 

Mfs _ 85 
Mf ~ 10 
s = 8.5 

Find 4s, the larger number. 

4s = 4(8.5) = 34 

Step 6. Verbalize your solution and assess its reasonableness. 

The larger number is 34. This answer makes sense in the context of 
the problem. 


Problem The sum of one-third of a number and one-fourth of the same 
number is 35. Find the number. 


n Step 1. Understand the problem. 

f/w This is a number relationships problem. You are to find an unknown 

arf-md number. 

Step 2. Represent the unknown with a variable expression. 

Tet x = the number. 

Step 3. Write a statement of equality that expresses the facts given in the 
question. 

The sum of — x and — x is 35. 

3 4 

Check units: No units are needed. 

Step 4. Use algebraic symbolism to model the problem. 

Translate the statement in step 3 into algebraic symbolism. 

—x + —x = 35 
3 4 


Step 5. Solve the equation. 


1 

—x 
3 


12 


- x 


I —x = 35 
4 

—x = 35 

12 


—x = 35 

12 

M / = 1 ^ Ml 
/'& /' 1 
x = 60 
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Step 6. Verbalize your solution and assess its reasonableness. 

The number is 60. This answer makes sense in the context of the 
problem. 


Geometric Shapes 

For problems about geometric shapes, make a sketch to help you visualize 
the question information. 

Problem The length of a rectangular lawn is 3 feet longer than its width. 
The lawn’s area is 70 ft 2 . What is the lawn’s length, in feet? 

Step 1. Understand the problem. 

This problem involves the area of a rectangular geometric shape. 
The formula for the area of a rectangle is A = LW, where L is the rect¬ 
angle’s length and W is the rectangle’s width. The problem asks you 
to determine the length, in feet, of the rectangular lawn. This length 
is unknown. Also unknown is the lawn’s width. 

Step 2. Represent the unknowns with vari¬ 
able expressions. 

Let W = the lawn’s width (in feet) and 
W + 3 = the lawn’s length (in feet). 

Step 3. Analyze the question information. 

Make a sketch to show the question information. 


w A = 70 ft 2 

□ _ 

L = W+ 3 

The formula A = LW applies to the information in this problem. The 
width is W and the length is (W + 3), both of which are unknown; 
and A is 70 ft 2 . 


If one unknown is described in terms of 
another unknown, designate a variable as 
the unknown used in the description. 
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Step 4. Use algebraic symbolism to model the problem. 

Model the problem by substituting the facts from step 3 into the for¬ 
mula^ = LW. 

A = LW 

70 ft 1 2 3 = ((PV + 3) ft)(lU ft) 

Check units: ft 2 = (ft)(ft) = ft 2 V 
Step 5. Solve the equation. 

Omit the units for convenience. 

70 = (W + 3)(W) 

70 = W 2 +3W 

This is a quadratic equation, so put it in standard form and solve. 

W 2 +3W — 70 = 0 
(W + 10)(W - 7) = 0 

!U + 10 = 0ortU — 7 = 0 

W = —10 (reject) or W = 7 
Find (W+ 3), the length of the lawn. 

W + 3 = 7 + 3 = 10 
Step 6. Verbalize your solution and assess its reasonableness. 

The length of the lawn is 10 feet. This answer has the correct units 
and makes sense in the context of the problem. 


Reject negative values for 
dimensions of geometric shapes 
because dimensions are always 
positive. 



Exercise 22 

Solve each problem. 


1. Nidhi's grandmother is four times as old as Nidhi. Ten years ago, Nidhi's 
grandmother was seven times as old as Nidhi. How old is Nidhi? 

2. Find the greatest of three consecutive integers such that the sum of the 
greatest plus five times the least of the three integers is —250. 

3. The sum of the first and three times the second of three consecutive even 
integers is 38 greater than twice the third integer. What are the three 
integers? 
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4. The ratio of women to men in a campus service organization of 54 students is 
4 to 5. How many women are in the organization? 

5. How many milliliters of distilled water must be added to 1000 milliliters of a 
70% alcohol solution to yield a 50% alcohol solution? 

6. The owner of a coffee emporium mixes coffee that normally sells for 
$10.50 per pound and coffee that normally sells for $8.50 per pound to 
make an 80-pound "holiday" blend to sell at $9.00 per pound. To ensure that 
$9.00 per pound is a fair price, how many pounds of the $10.50 coffee should 
the owner use in the blend? 

7. Masi has a collection of change consisting of 200 U.S. nickels and dimes. The 
coins have a total value of $13.50. How many dimes are in the collection? 

8. A car and a truck are 540 miles apart. The two vehicles start driving toward 
each other at exactly the same time. The car travels at a speed of 65 miles per 
hour and the truck travels at a speed of 55 miles per hour. How soon will the 
two vehicles arrive at the same location if both continue at their given speeds 
without making any stops? 

9. A water tank can be filled by one pipe by itself in 5 hours and by a second 
pipe by itself in 3 hours. How many hours will it take the two pipes together 
to fill the tank? 

10. An online store specializes in high-security luggage. New customers get 

a discount of 15% on the first order. Before sales tax, how much money is 
saved when a new customer makes a first order of a high-security, soft-sided, 
durable, wheeled luggage priced at $295? 

11. Ash works as a sales clerk at an electronics store that pays sales personnel a 
commission rate of 3% on total sales. What were Ash's total sales last week if 
she earned $55.35 in commission? 

12. A customer saved $1,624 on a dining room set that had an original price of 
$5,800. The amount saved is what percent of the original price? 

13. How much interest is earned on $15,000 invested at 1.5% annual interest for 
8 years? 

14. One number is 12 more than twice another number. What are the numbers if 
their sum is 72? 

15. The area enclosed by a rectangular fence is 162 m 2 . The length of the fence is 
twice its width. What are the fence's dimensions, in meters? 



Appendix: Measurement 
Units and Conversions 


U.S. CUSTOMARY UNITS 


CONVERSION 


Length 

Inch (in) 

Foot (ft) 

Yard(yd) 

Mile (mi) 

Weight 

Pound (lb) 

Ton (T) 

Capacity 

Fluid ounce (11 oz) 

Cup (c) 

Pint (pt) 

Quart (qt) 


Gallon (gal) 


1 ft = 12 in 
1 yd = 36 in 
1 yd = 3 ft 
1 mi = 5,280 ft 
1 mi = 1,760 yd 

1 lb = 16 oz 
1 T = 2,000 lb 

1 fl oz = — c 
8 

1 c = 8 fl oz 
1 pt = 2 c 
1 qt = 32 fl oz 
1 qt = 4 c 
1 qt = 2 pt 
1 gal = 128 fl oz 
1 gal = 16 c 
1 gal = 8 pt 
1 gal = 4 qt 


249 




250 


Appendix: Measurement Units and Conversions 


METRIC UNITS 

Length 


Liter (L) 


CONVERSION 


Millimeter (mm) 

1 mm = 0.001 m = 

Centimeter (cm) 

1 cm = 10 mm 

Meter (m) 

1 m = 1000 mm 

1 m = 100 cm 

Kilometer (km) 

1 km = 1000 m 

Mass 

Milligram (mg) 

1 mg = 0.001 g = — 
8 8 1( 

Gram (g) 

1 g = 1000 mg 

Kilogram (kg) 

1 kg = 1000 g 

Capacity 

Milliliter (mL) 

1 mL = 0.001 L = — 

1 i 


1000 


1000 


1 L = 1000 tnL 


TIME 

CONVERSION 

Second (s) 

. l 

1 s = — mm 

60 

Minute (min) 

1 min = 60 s 

Hour (hr) 

1 hr = 3600 s 

1 hr = 60 min 

Day (d) 

1 d = 24 hr 

Week (wk) 

1 wk = 7 d 

Year (yr) 

1 yr = 365 d 

1 yr = 52 wk 
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Chapter 1 Numbers of Algebra 

Exercise 1 

1. 10 is a natural number, a whole number, an integer, a rational number, and a real 
number. 

2. V64 = 8, which is a natural number, a whole number, an integer, a rational number, 
and a real number. 



4. -7r is an irrational number and a real number. 


5. —1,000 is an integer, a rational number, and a real number. 


6. V2 is an irrational number and a real number. 

7. —%/3 is an irrational number and a real number. 



9. 1 is a natural number, a whole number, an integer, a rational number, and a real 
number. 

10. Vo.01 = 0.1, which is a rational number and a real number. 

11. Closure property of multiplication 

12. Commutative property of addition 

13. Multiplicative inverse property 
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14. Closure property of addition 

15. Associative property of addition 

16. Distributive property 

17. Additive inverse property 

18. Zero factor property 

19. Associative property of multiplication 

20. Multiplicative identity property 


Chapter 2 Computation with Real Numbers 

Exercise 2 


1. |—45| = 45 

2. |5.8| = 5.8 



4. "Negative nine plus the opposite of negative four equals negative nine plus four" 

5. "Negative nine minus negative four equals negative nine plus four" 

6. -80 + -40 = -120 

7. 0.7 + -1.4 = -0.7 


5 

2 

6 

5 


9. 

10 . 

11 . 


5 — 

(—100)(—8) = 800 

'l' 


(400) 


= 200 


12 . 



= 4 


13. -450.95 - (-65.83) = -450.95 + 65.83 = -385.12 


14. 


_3_ 

11 



_ 8 _ 

11 
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15. -5^- = -80 
- 0.01 

16. -458 + 0 = -458 


17 . 

18 . 

19 . 


1 


0 


8.75 

700 

0 


-3^ 


= 0 


(0)(999) 


_5_ 

17 


= 0 


undefined 


20. (—3)(1)(—1)(—5)(—2)(2)(—10) = -600 


Chapter 3 Roots and Radicals 


Exercise 3 

1. 12 and -12 

2. - and —- 

7 7 

3. 0.8 and —0.8 

4. 20 and -20 

5. 7l6 = 4 

6. 7—9 not a real number 



8. 725 + 144 = 7T69 =13 

9. 7—5 • —5 = | —5 | = 5 

10. 7z ■ z = | z | 

11. 7-125 =-5 



13. 70.027 = 0.3 


14. \Jy ■ y ■ y = y 

15. 7625 = 5 


16. 



2 

3 


17. 7—64 not a real number 

is. 7o = o 

19. 772 = 736 • 2 = 7367/2 = 672 




1.6 = ++++ 


Chapter 4 Exponentiation 

Exercise 4 

1. —4 ■ —4 ■ —4 • —4 ■ —4 = (—4) 5 

2 . 8 - 8 - 8 - 8 - 8 - 8-8 = 8 7 

3. (—2) 7 = -128 

4. (0.3) 4 = 0.0081 


5. 



_9_ 

16 


6. -2 4 = -16 

7. (1 + 1) 5 = 2 5 = 32 
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8. (-2)° = 1 


15. (— 121) 1/4 = U— 121 not a real number 


9 3~ 4 = — = — 

81 


10 . 


-4r 2 = 


1 


11. (0.3) 


12 . 


v-4) 2 
1 

" (0.3) 2 
1 

(3/4) 1 “ 3/4 “ 3 


16 

1 

0.09 

1 


13. (— 125) 1/3 = lj -125 = -5 

14. (0.16) V2 = V046 =0.4 


16 . 


16 


625 


1625 5 

i2 


17. (—27) 2/3 = [(—27) 1/3 ] = [—3] 2 = 9 


18. 


19. 


20 . 



1 


- 2) 4 _ 16 


(- 2 )- 


= — = 16 

1 


Chapter 5 Order of Operations 

Exercise 5 


(5 + 7)6 - 10 

5. 

9 20 + 22 -)3 


= 12-6—10 

= 72-10 


— 9 — — — 2 3 

= 62 


6 

(—7 2 ) (6 - 8) 

= (—7 2 )(—2) 

= (—49)(—2) 

= 98 


= 9- — -8 

6 

=9-7-8 

= -6 


6. 

—2 2 • —3 — (15 — - 

(2 - 3)(—20) 

= (—!)(—20) 

= 20 


= —2 2 • -3 - (11) : 
= -4 • -3 - 121 

= 12-121 

3(-2)-±| 


= -109 

II 

c* 

1 

l|o 

7. 

5(11 - 3 - 6 • 2) 2 


= 5(11 - 3 - 12) 2 

II 

1 

O' 

1 

T ' 

KJ 


= 5(-4) 2 

= -6 + 2 

= -4 


= 5(16) 

= 80 


00 CM 
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-8 -(3- -3 + 15) 
2 


11 . 


5-1-51 

20 2 


= - 10 - 


- 8 -( 6 ) 
2 



= -10 - -7 

= -10 + 7 

= -3 

7 2 — 8 ■ 5 + 3 4 
9 ‘ 3-2 — 36 + 12 


49-8-5 + 81 
3-2-36 + 12 


49 - 40 + 81 
6-3 


90 

3 


= 30 


10 . (- 6 ) 


V625 -576 


= (— 6 ) 


= (— 6 ) 


= (— 6 ) 


14 

a/49 


14 

J7_ 

14 


= -3 - 2 
= -5 


_ 6 _ 

-3 


6 

-3 


_ 6 _ 

-3 


= 5-5 
400 

0 

400 
= 0 

12. (12 - 5) - (5 -12) 

= 7 - (-7) 

= 7 + 7 
= 14 

13 9 + a/100 — 64 
-|-15| 

= 9_+%/36 
-15 

_ 9 + 6 
~ -15 

15 

-15 

= -1 

14. -8 + 2(—1) 2 + 6 
= -8 + 2 • 1 + 6 

= -8 + 2 + 6 

= 0 

7' 
3, 



= -6 + 1.25 
= -4.75 


15. 


i ( - 5)+ y 


Chapter 6 Algebraic Expressions 

Exercise 6 

1. The letter r stands for the measure of the radius of a circle and can be any real nonzero 
number, so r is a variable. The numbers 2 and ir have fixed, definite values, so they are 
constants. 
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2. -12 is the numerical coefficient 

3. 1 is the numerical coefficient 

4. - is the numerical coefficient 
3 

5. —5x = -5•9 = -45 

6. 2 xyz = 2(9)(—2)(—3) = 108 

? 6(x + 1) _ 6(9 + 1) 

5\[x — 10 5^9-10 

6-10 

~ 5-3 — 10 
60 

15 — 10 

= 60 
_ 5 
= 12 

—2jy| + 5(2x - y) _ -2|-2| + 5(2 • 9 - (-2)) 
—6z + y 3 — 6( — 3) + (—2) 3 

_ -2-2 + 5(18 + 2) 

—6(—3) — 8 


-2-2 + 5-20 
—6(—3) - 8 

-4 + 100 
18-8 

= 96 
~~ 10 
= 9.6 

9. x 2 - 8x - 9 = 9 2 - 8 ■ 9 - 9 
= 81 - 72 - 9 
= 0 

10. 2y + x(y - z) = 2(-2) + 9((-2) - (-3)) 
= 2(—2) + 9 (-2 + 3) 

= 2(—2) + 9(1) 

= -4 + 9 
= 5 
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(x + y) 2 _ (9 + (-2)) 2 
x 2 — y 2 9 2 — (—2) 2 

(7) 2 

9 2 — (—2) 2 

49 

81 — 4 

= 49 
77 

7_ 

“ 11 

12. (y + z)- 3 = ((-2)+(-3))- 3 
= (-2 - 3)“ 3 

= (-5)“ 3 

1 

“ (—5) 3 

1 

~ -125 
1 

“ 125 

13. A = ^bh=--U- 8 = 48 

14. V = ^nr 2 h « —(3.14)(5 2 )(18) = 471 

15. c 2 = a 2 + b 2 
c 2 = 8 2 +15 2 

c 2 = 64 + 225 
c 2 = 289 
cis 17 or -17 


16. - 


-x 3 y 2 + 7xy 3 — 30 


= ^-x 3 y 2 - 7xy 3 + 30 


17. (8a 3 + 64b 3 ) = 8a 3 + 64b 3 

18. —4 — (—2y 3 ) = —4 + 2y 3 

19. —3(x + 4) = —3x — 12 

20. 12 + (x 2 + y) = 12 + x 2 + y 
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Chapter 7 Rules for Exponents 


Exercise 7 


1. x 4 x 9 = x 13 

2. xvyy = x 7 y" 


3. 



/i * 5 y 5 3 

4. -W = x 3 y 

x y 



6. (x 2 ) 5 = x 10 

7. (xy) 5 =x 5 y 5 


10 . 


_5_V = _625^ 
,3x 81x 4 


625y 4 

12. (2x + 1 ) 2 is a power of a sum. It cannot 
be simplified using only rules for 
exponents. 

13. (3x — 5) 3 is a power of a difference. It 
cannot be simplified using only rules 
for exponents. 

14. (x + 3)(x + 3) 2 = (x + 3) 3 



8. (—5x) 3 = — 125x 3 

9. (2x 5 yz 3 ) 4 = 16x 20 y 4 z 12 


15. 


(2x - y) 15 
(2x - y) 5 


(2x - y) 10 


Chapter 8 Adding and Subtracting Polynomials 

11. (10x 2 - 5x + 3) + (6x 2 + 5x - 13) 
= 10x 2 - 5x + 3 + 6x 2 + 5x - 13 
= 16x 2 — 10 


Exercise 8 

1. x 2 — x +1 is a trinomial. 

2. 125x 3 — 64y 3 is a binomial. 

3. 2x 2 + 7x - 4 is a trinomial. 

4. — -x 5 y 2 is a monomial. 

5. 2x 4 + 3x 3 — 7x 2 — x + 8 is a polynomial. 

6. -15x + 17x = 2x 

7. 14xy 3 — 7x 3 y 2 is simplified. 

8. 10x 2 — 2x 2 — 20x 2 = — 12x 2 

9. 10 + lOx is simplified. 

10. 12x 3 — 5x 2 + lOx — 60 + 3x 3 — 

7x 2 — 1 

= 15x 3 — 12x 2 + lOx — 61 


12. (20x 3 - 3x 2 - 2x + 5) + 

(9x 3 + x 2 + 2x -15) 

= 2Ox 3 - 3x 2 - 2x + 5 + 9x 3 + x 2 + 
2x — 15 

= 29x 3 - 2x 2 - 10 

13. (1 Ox 2 - 5x + 3) - (6x 2 + 5x -13) 

= 10x 2 - 5x + 3 - 6x 2 - 5x +13 
= 4x 2 - 10x + 16 

14. (20x 3 — 3x 2 — 2x + 5) — 

(9x 3 + x 2 + 2x - 15) 

= 20x 3 - 3x 2 — 2x + 5 — 9x 3 - x 2 - 
2x +15 

= 11x 3 -4x 2 -4x + 20 
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Chapter 9 Multiplying Polynomials 

Exercise 9 


1. (4x y )(—3x y ) = — 12xy 

2. (-8a 4 b 3 )(5ab 2 ) = -40a 5 fc> 5 

3. (—10x 3 )(—2x 2 ) = 20x 5 

4. (—3x 2 y 5 )(6xy 4 )(—2xy) = 36x 4 y 10 

5. 3(x — 5) = 3x — 15 

6. x(3x 2 - 4) = 3x 3 - 4x 

7. —2a 2 b 3 (3a 2 — 5ab 2 — 10) 

= —2a 2 b 3 • 3 a 2 H— 2a 2 b 3 ■ —5ab 2 + 
—2a 2 b 3 • —10 

= —6a 4 b 3 + 10 a 3 b 5 + 20a 2 b 3 

8. (2x — 3)(x + 4) 

= 2x 2 + 8x — 3x — 12 
= 2x 2 + 5x - 12 

9. (x + 4)(x + 5) 

= x 2 + 5x + 4x + 20 
= x 2 + 9x + 20 

10. (x-4)(x-5) 

= x 2 - 5x - 4x + 20 
= x 2 - 9x + 20 

11. (x + 4)(x — 5) 

= x 2 - 5x + 4x - 20 
= x 2 - x - 20 

12. (x-4)(x + 5) 

= x 2 + 5x - 4x - 20 
= x 2 + x - 20 

13. (x - 1)(2x 2 - 5x + 3) 

= 2x 3 - 5x 2 + 3x - 2x 2 + 5x - 3 
= 2x 3 - 7x 2 + 8x - 3 


14. (2x + x — 3)(5x — x — 2) 

= 10x 4 - 2x 3 - 4x 2 + 5x 3 — x 2 — 2x — 
15x 2 + 3x + 6 

= 10x 4 + 3x 3 - 2 Ox 2 + x + 6 

15. (x-y) 2 

= (x - y)(x - y) 

= x 2 — xy — xy + y 2 
= x 2 - 2xy + y 2 

16. (x + y)(x — y) 

= x 2 — xy + xy — y 2 
= x 2 — y 2 

17. (x + y) 3 

= (x + y)(x + y)(x + y) 

= (x + y)(x 2 + 2 xy + y 2 ) 

= x 3 + 2x 2 y + xy 2 + x 2 y + 2xy 2 + y 3 
= x 3 + 3x 2 y + 3xy 2 + y 3 

18. (x-y) 3 

= (x - y)(x - y)(x - y) 

= (x — y)(x 2 - 2xy + y 2 ) 

= x 3 - 2x 2 y + xy 2 - x 2 y + 2xy 2 -y 3 
= x 3 — 3x 2 y + 3xy 2 -y 3 

19. (x + y)(x 2 - xy + y 2 ) 

= x 3 — x 2 y + xy 2 + x 2 y — xy 2 + y 3 
= x 3 + y 3 

20. (x - y)(x 2 + xy + y 2 ) 

= x 3 + x 2 y + xy 2 — x 2 y — xy 2 —y 3 
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Chapter 10 Simplifying Polynomial Expressions 

Exercise 10 


1. 8 + 2(x - 5) 6. 

= 8 + 2x - 10 

= 2x — 2 

2. — 7(y — 4) + 9y 7. 

= — 7y + 28 + 9y 

= 2y + 28 

3. 10xy - x(5y - 3x) - 4x 2 

= 10xy - 5xy + 3x 2 - 4x 2 8. 

= 5xy — x 2 

4. (3x - 1)(2x - 5) + (x + I) 2 9. 

= 6x 2 - 17x + 5 + x 2 + 2x + 1 

= 7x 2 -15x + 6 

5. 3x 2 — 4x — 5[x — 2(x — 8)] 

= 3x 2 - 4x - 5[x - 2x + 16] 

= 3x 2 — 4x — 5[—x + 16] 10. 

= 3x 2 - 4x + 5x - 80 
= 3x 2 + x - 80 


—x(x + 4) + 5(x - 2) 

= -x 2 - 4x + 5x - 10 

= -x 2 + x -10 

(a - 5)(c? + 2) - (a - 6)(c? - 4) 

= a 2 — 3a — 10 — (a 2 — 1 0a + 24) 

= a 2 - 3a -10 - a 2 + 1 0a - 24 
= la - 34 

5x 2 - (—3xy - 2y 2 ) 

= 5x 2 + 3xy + 2 y 2 

x 2 — [2x — x(3x — 1)] + 6x 
= x 2 - [2x - 3x 2 + x] + 6x 
= x 2 - [—3x 2 + 3x] + 6x 
= x 2 + 3x 2 — 3x + 6x 
= 4x 2 + 3x 

(4x 2 y 5 )(-2xy 3 )(-3xy) -15x 2 y 3 (2x 2 y 6 + 2) 
= 24x 4 y 9 - 30x 4 y 9 - 30x 2 y 3 
= — 6x 4 y 9 - 30x 2 y 3 


Chapter 11 Dividing Polynomials 

Exercise 11 


15x 5 - 3 Ox 2 
—5x 

15x 5 —3 Ox 2 

“ — 5x + — 5x 

= — 3x 4 + 6x 

The quotient is —3x 4 + 6x and the 
remainder is 0. 

— 14x 4 + 2 lx 2 
—7x 2 

_ — 14x 4 2 lx 2 

—7x 2 — 7x 2 

= 2x 2 - 3 

The quotient is 2x 2 - 3 and the 
remainder is 0. 


The quotient is —5x 3 y 2 and the 
remainder is 0. 

6x s y 2 - 8x 3 y 3 +10xy 6 

2 xy 2 

_ 6x 5 y 2 —8x 3 y 3 10xy 6 

2xy 2 2xy 2 2xy 2 

= 3x 4 - 4x 2 y + 5y 4 

The quotient is 3x 4 — 4x 2 y + 5y 4 and 

the remainder is 0. 
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5 -10x 4 y 4 z 4 -20x 2 y 5 z 2 

10x 2 y 3 z 

-10x 4 y 4 z 4 | — 20x z y 5 z 2 
10x 2 y 3 z 10x 2 y 3 z 

= —x 2 yz 3 — 2 y 2 z 

The quotient is —x 2 yz 3 — 2y 2 z and the 
remainder is 0. 

, — 18x 5 + 5 


— 18x 5 5 

3x 5 3x 5 



The quotient is —6 and the remainder 
is 5. 

7 a 6 b 3 - 14a 5 b 2 - 42ciV + 7 a 3 b 2 
7 ar-b 2 

= 7 a 6 b 3 ~14 a 5 b 2 -42 a 4 b 2 7a 3 b 2 
“ 7aV 7aV 7a 3 b 2 + 7a 3 b 2 


x 2 - 9x + 20 
x — 4 

x — 5 

= x - 4 j x 2 - 9x + 20 
x 2 - 4x 
—5x + 20 
—5x + 20 
0 

The quotient is x — 5 and the 
remainder is 0. 

2x 3 — 13x + x 2 + 6 
x — 4 

2x 2 + 9x + 23 

= x - 4j 2x 3 + x 2 - 13x + 6 
7 2x 3 - 8x 2 

9x 2 -13x 
9x 2 - 36x 

23x + 6 
23x - 92 
98 

The quotient is 2x 2 + 9x + 23 and the 
remainder is 98. 


= a 3 b — 2 a 2 — 6a +1 

The quotient is a 3 b — 2 a 2 — 6a +1 and 

the remainder is 0. 



x + 1 


x — 1 

= x + l)x 2 + 0-1 
x 2 + X 
^x-1 

—X — 1 
0 

The quotient is x — 1 and the remainder 
isO. 
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Chapter 12 Factoring Polynomials 

Exercise 12 


1. 

False 

13. 

2. 

False 


3. 

False 

14. 

4. 

False 


5. 

False 

15. 

6. 

-a -b 



= -la -lb 



= — 1(cj + b) 

16. 


= -(a + b) 


7. 

—3x 2 + 6x - 9 



= -3 • x 2 - 3 • -2x - 3 ■ 3 

17. 


= —3(x 2 - 2x + 3) 

18. 

8. 

3 — x 

19. 


= — lx + 3 

20. 


= —1 ■ x — 1 • —3 


= —1(x —3) 

21. 


= -(x - 3) 

22. 

9. 

24x 9 y 2 - 6x 6 y 7 z 4 

23. 


= 6x 6 y 2 ■ 4x 3 - 6x 6 y 2 ■ y 5 z 4 
= 6x 6 y 2 (4x 3 - y 5 z 4 ) 

10. —45x 2 + 5 

= —5 ■ 9x 2 — 5—1 
= —5(9x 2 - 1) 

= —5(3x + 1)(3x — 1) 

11. a 3 b — ab + b 
= b(a 3 - a + 1) 

12. 14x + 7y 

= 7 ■ 2x + 7 ■ y 
= 7(2x + y) 


x(2x -1) + 3(2x -1) 

= (2x - 1)(x + 3) 

y(a + b) + (a + b) 

= (a + b)(y +1) 

x(x - 3) + 2(3 - x) 

= x(x - 3) - 2(x - 3) 

= (x - 3)(x - 2) 

cx + cy + ax + ay 
= c(x + y) + a(x + y) 

= (x + y)(c + a) 

x 2 — 3x — 4 = (x — 4)(x + 1) 
x 2 - 49 = (x + 7)(x - 7) 

6x 2 + x — 15 = (3x + 5)(2x - 3) 

16x 2 - 25y 2 = (4x + 5y)(4x - 5y) 

27x 3 - 64 = (3x - 4)(9x 2 +12x + 16) 

8a 3 +125b 3 = (2a + 5b)(4a 2 -10 ab + 25 b 2 ) 

2 x 4 y 2 z 3 - 32x 2 y 2 z 3 
= 2x 2 y 2 z 3 • x 2 - 2x 2 y 2 z 3 • 16 
= 2x 2 y 2 z 3 (x 2 — 16) 

= 2x 2 y 2 z 3 (x + 4)(x - 4) 

o 2 (a + 6) — 2ab(o + b) + b 2 (a + b) 

= (a + b)(a 2 — 2 ab + b 2 ) 

= (a + b)(a — bf 
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Chapter 13 Rational Expressions 

Exercise 13 


18x 3 y 4 z 2 
54x 3 z 2 


18x 3 z 2 ■ y 4 
1 8x 3 z 2 • 3 

JLSx^-y 4 

/ 

3 


2 . 


3. 


15y 

3y 

_ 3 y • 5 
3y ■ i 

_ 5 

“ 1 

= 5 

x — 5 

5 — x 


1(x - 5) 
— 1(x — 5) 

ij^gT 


= -i 

4a 

4. 4 g is simplified. 

2x — 6 

5 ‘ x 2 - 5x + 6 


2(x - 3) 

(x - 2)(x - 3) 


2 

(x - 2)i^) 


x 2 — 4 
x 2 + 4x + 4 

(x + 2)(x - 2) 

(x + 2)(x + 2) 

_ jjC^Ttx - 2) 

ja^Ttx + 2) 

= *~ 2 

x + 2 

x(a + b) + y(q + b) 
x + y 

= (a + b)(x + y) 

(x + y) 

_ (o + b)jx^KyT 
Ijx^KfT 

_ a + b 
1 

= a + b 


lx 

8 ‘ 35x —14 


lx 

7(5x - 2) 


/•x 
/(5x - 2) 

x 

= 5x — 2 


2 

x — 2 
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4x 2 y - 4xy - 24y 
2x 2 -18 

4y(x 2 — x — 6) 

2(x 2 - 9) 

_ 2 ■ 2y(x + 2)(x - 3) 
2(x + 3)(x - 3) 

_ /(jO^T • 2y(x + 2) 

/j^)(x + 3) 

_ 2y(x + 2) 
x + 3 


1 

j^^yT(x 2 + xy + y 2 ) 

_ 1 
x 2 + xy + y 2 

x 2 - 4x + 4 2x — 6 
x 2 - 9 x - 2 

(x - 2)(x - 2) 2(x - 3) 

(x + 3)(x — 3) (x — 2) 

j*XZftx-2) 2X^^f 
~ (x + 3)>-<3f ’ J*XZf 

2(x - 2) 


X — 1 . x + 1 


2x — 1 ' 4x — 2 

x — 1 

4x — 2 

2x — 1 

x + 1 

(x-1) 

2(2x -1) 

(2x -1) 

(x + 1) 

(x-1) 

2(2^11 


(* + 1 ) 

2(x -1) 
x + 1 


13 . 


2 

x 2 - 2x - 3 


4 

x — 3 


(x + 1)(x - 3) + (x - 3) 

2 4(x +1) 

(x + 1)(x - 3) (x + 1)(x - 3) 

2 4x + 4 

(x + 1)(x - 3) + (x + 1)(x - 3) 

4x + 6 
(x + 1)(x - 3) 

2(2x + 3) 

(x + 1)(x-3) 


x + 3 
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x 2 — 14x + 49 x — 7 15 J3x 


2x 

1 

x +1 

(x — 7)(x — 7) 

(x — 7) 

2x 

1(x-7) 

2 1 
~~ 3x ' x + 1 

1 

1 

2$. 

(x - 7)(x - 7) 


2x 

x — 7 

2 x +1 
" 3x 1 

(x — 7)(x — 7) 

(x - 7)(x - 7) 

_ 2x + 2 

3x 

2x — (x — 7) 

(x — 7)(x — 7) 

2x - x + 7 
(x — 7)(x — 7) 

x + 7 

(x — 7)(x — 7) 




Chapter 14 Solving Linear Equations and Inequalities 


Exercise 14 

1. x — 7 = 11 
x—7 + 7 = 11 +7 

x = 18 

2. 6x - 3 = 13 

6x- 3 + 3 = 13 + 3 
6x = 16 
16 8 
6 ~ 3 

3. x + 3(x - 2) = 2x - 4 

x+3x—6 = 2x — 4 
4x — 6 = 2x - 4 
4x - 6 — 2x = 2x - 4 — 2x 
2x - 6 = -4 
2x—6 + 6 = —4 + 6 
2x= 2 
x = 1 


x + 3 _ x -1 
5 _ 2 

10 (x_+3) _ 10 (x-1) 

1 5 1 2 

2(x + 3) = 5(x — 1) 

2x + 6 = 5x — 5 
2x + 6 — 5x = 5x — 5 — 5x 
—3x + 6 = -5 
—3x + 6 — 6 = — 5 — 6 
-3x= -11 

—3x _ -11 

-3 “ -3 
























266 


Answer Key 


5. 3x + 2 = 6x — 4 

3x + 2 — 6x = 6x — 4 — 6x 
—3x + 2 = -4 
-3x+2-2 = -4-2 
—3x = -6 
x = 2 

6. Solve for y: — 12x + 6y = 9 

— 12x + 6y = 9 
— 12x + 6y + 12x = 9 + 12x 
6y = 9 + 12x 
6y _ 9 +12x 
6 6 

y = | + 2x 

7. -x + 9 < 0 

—x + 9 — 9<0 — 9 

-x < - 9 



x > 9 


3x + 2 > 6x — 4 
3x + 2 — 6x > 6x — 4 — 6x 
—3x + 2 > -4 
-3x + 2 - 2 > -4 - 2 
—3x > —6 

—3x -6 
-3 < -3 

x< 2 


9. 3x — 2 < 7 — 2x 
3x - 2 + 2x < 7 — 2x + 2x 
5x - 2 < 7 
5x-2 + 2<7 + 2 
5x< 9 
x< 1.8 


10 . 


x + 3 ^ x — 1 
5 “ 2 

10 (x + 3) 10 (x — 1) 

1 5 “ 1 2 

2(x + 3) > 5(x — 1) 

2x + 6 > 5x — 5 
2x + 6 — 5x > 5x — 5 — 5x 
—3x + 6 > -5 
—3x + 6- 6>-5-6 
—3x >-11 


—3x -11 

-3 “ -3 


“ 3 


8 . 
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Chapter 15 Solving Quadratic Equations 

Exercise 15 


1. x 2 -x-6 = 0 
(x - 3) (x + 2) = 0 
x-3 = 0orx+2 = 0 
x = 3 or x = —2 


6. 9x 2 + 18x — 17 = 0 


x = 


-18 ± VlS 2 — 4(9)(—17) 
2(9) 


2. x 2 + 6x = -5 

x 2 + 6x + 9 = -5 + 9 
(x + 3) 2 = 4 
x+ 3 = ± 2 

x+3 = 2orx+3 = -2 
x = —1 or x = —5 

3. 3x 2 — 5x +1 = 0 

-(-5) ± V(-5) 2 - 4(3)(1) 


6 

4. x 2 — 6 = 8 
x 2 = 14 

x = ±Vm 

5. x 2 - 3x + 2 = 0 
(x — 2)(x — 1) = 0 
x—2 = 0orx — 1 = 0 
x = 2 orx = 1 


x = 


x = 


x = 


—18± V936 
18 

-18 ± ^36(26) 
18 

—18 ± 6^26 
18 

-3± V26 


7. 6x 2 - 12x + 7 = 0 

-(-12)±V(-12) 2 -4(6)(7) 


2 ( 6 ) 

_ 12 =h Vi 44 — 1 68 
12 

12± V24 

x =--- 

12 

There is no real solution because the 
discriminant is negative. 
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8. x 2 - 10x = -25 

x 2 - 10x+ 25 = -25 + 25 
(x - 5) 2 = 0 


10. 6x 2 = x + 2 
6x 2 - x - 2 = 0 
(2x+ 1)(3x — 2) =0 
2x + 1 = 0 or 3x - 2 = 0 


x= 5 


9. -x 2 = -9 
x 2 = 9 
x = ±3 



2 


3 


Chapter 16 The Cartesian Coordinate Plane 

Exercise 16 

1. True 

2. False 

3. True 

4. False 

5. True 

6. False 

7. rise 

8. run 

9. negative 

10. positive 

11. zero 



14. undefined 



Answer Key 
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15. 


y 
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The point K is 6 units to the left of the y-axis and 5 units below the x-axis, so 
(—6, —5) is the ordered pair corresponding to point K. 


16. d = 7(5 - I) 2 + (7 - 4) 2 
d = j\ 6~+~9 = x/25 = 5 


17. d = yj {4 + 2) 2 + (—1 —5) 2 

d = V36 + 36 = ^2(36) = 6^2 


18. Midpoint 


-2 + 4 5 + (—1) 
2 ' 2 


( 1 , 2 ) 
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4 + 8 _ 12 
2-5 -3 


-4 


Chapter 17 Graphing Linear Equations 

Exercise 17 


1 . 


m = 


14-11 

3-5 



2. y = —2x + 6 


3 

2 


y 
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3. 3y = 5x - 9 


y 



y 
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Answer Key 


5. 4y — 5x = 8 



■2 


6 . 



y 



Chapter 18 The Equation of a Line 

Exercise 18 


1. y = 4x + 3 

2. y= -3x- 3 

, 1 

3. y = -x 


2 = 


y -1 

x -1 


2(x — 1) = y — 1 
y = 2x -1 


4. 
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— 1(x — 2) = y — 3 
-x + 2 = y - 3 
y = -x + 5 


6 . 


2 

5 


y-i 

X — 1 


x = 5y - 5 
5y = x + 5 


7. 


y = -x + 1 

y-4 _ 4-2 
x-2 ~ 2-1 


y-4 


= 2 


x-2 
y - 4 = 2(x - 
y - 4 = 2x - 
y = 2x 


2 ) 

4 


8 . 


9. 


10 . 


y-2 = 0 
y = 2 

y-o _ -i-o _ 

x-1“ 2-1 
y -1 = - x 
y = -x + 1 

6-4 _ y-4 
6 — 4 _ x — 4 


y- 


^=y—± 

x — 4 
4 = x — 4 
y = x 


Chapter 19 Basic Function Concepts 

Exercise 19 


1. a. f = {(2,1), (4, 5), (6, 9), (5, 9)} 

b. g={( 3,4), (5, 1), (6,3), (3,6)} 

c. h = {(2,1)} 

d. f ={(7,5), (8, 9), (8,9)} 

Only f, h, and fare functions. Note that in f, (8, 9) and (8, 9) are the same point. 

2. The domain is {4, 6, 7, 8} and the range is {5, 7, 9}. 

3. a. y = f[x) = 5x — 7. The domain is the set of all real numbers, 
b. y = g(x) = V2x — 3 + 4 


Set 2x — 3 > 0 and solve. 

2x - 3 > 0 
2x> 3 

x >|. The domain is the set of all real numbers greater than or equal to 


m I rN 
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Answer Key 


c. v = + \ The domain is the set of all real numbers except 5. 

x-5 

d. y = 2x2 + 5 

x 2 — 4 

Set x 2 - 4 = 0 and solve. 

x = ±2. The domain is the set of all real numbers except 2 and -2. 

4. a. f(2) = 5 J2 + 2 -3 = 5^4 - 3 = 10-3 = 7 

b. f{- 1) = 5V-1 + 2 - 3 = 571-3 = 5- 3 = 2 

c. f{ 6) = 576 + 2 - 3 = 578 - 3 = 574(2) -3 = 1072 - 3 

d. f[— 3) = 57—3 + 2 — 3 = 57—1 — 3 There is no real number solution because the 

square root of a negative number is not a real number. 

5. Only graphs b and c are functions. 

6. y = 4x + 1 


Chapter 20 Systems of Equations 


Exercise 20 

1. x — 2y = —4 
2x + y = 7 
x = 2y - 4 
2(2y - 4) + y = 7 
4y - 8 + y = 7 
5y = 15 
y = 3 

2x + 3 = 7 
2x = 4 
x= 2 

x = 2 and y = 3 is the solution. 


2. 4x - y = 3 
x-3y = -13 

y = 4x - 3 
x —3(4x — 3) = -13 
x- 12x+9 = -13 
— 11 x + 9 = -13 
-11x= -22 
x= 2 

4(2) - y= 3 
8 — y = 3 

-y = -5 

y = s 

x = 2 and y = 5 is the solution 
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3. 4x + 2y = 8 
2x — 3y = -8 
2 y = -4x + 8 
y = —2x + 4 
2x - 3(-2x + 4) = -8 
2x+ 6x- 12 = -8 
8x = 4 



+ 2y = 8 


6. 2x + y = 4—4^2—>-4x-2y 

= —8 

4x — 6y = — 16->4x — 6y = —16 


—8y = -24 
y = 3 

2x + 3 = 4 
2x = 1 


x = — 
2 


x = ^ and y = 3 is the solution. 


2 + 2y = 8 
2y = 6 


y = 3 


X = 


2 


and y = 3 is the solution. 


4. —2x + 4y = 8->-2x + 4y = 8 

—2x — y = —7-3^—>2x + y = 7 


5y = 15 
y = 3 

—2x — 3 = -7 
—2x = -4 
x= 2 

x = 2 and y = 3 is the solution. 

5. 8x-2y = 6->8x — 2y = 6 

x - 3y = -13-—>—8x + 24y 

= 104 

22 y= 110 
y=5 

x- 3(5) = -13 
x- 15 = -13 
x= 2 

x = 2 and y = 5 is the solution. 


7. 3x — 2y = 3 
6x + 2y = 9 

y 
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8 . 7x +14y = 2 
14x-7y = —11 


y 



Chapter 21 Signal Words and Phrases 

Exercise 21 


1. 80X+ 500 

2. 125 + 40%x 

3. P-2w 

4. 100 - K 

5. 420 - 5y 

6 . (5 Ox) (20) 

7. 1(25 M) 

8. “5 
r 

10 d 
135 

(5x-3) 


11. 6%6 = 57.60. 

12. 0.25x + 0.10(42 - x) = 5.55. 

13. 55f + 65f = 624. 

14. c 2 = 8 2 + 15 2 . 

15. (L+ 13) =lp. 


10 . 


5 
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Chapter 22 Word Problems 

Exercise 22 


1. This is an age relationships problem. Let N = Nidhi's age (in years) and 4 N = Nidhi's 
grandmother's age (in years). 

Solve the equation. 


4/V-10 = 7(/V-10) 

4N - 10 = 7N - 70 
4/V — 10 — 7A/ = 7/V — 70 — 7/V 
—3/V —10 = —70 


—3/V — 10 + 10 = —70 +10 
-3/V = —60 

?4n = -60 
^ -3 

A/= 20 


Nidhi is 20 years old. 

2. This is a consecutive integers problem. Let n = the first integer, n + 1 = the second 
integer, and n + 2 = the third integer. 


Solve the equation. 

(n + 2) + 5n = -250 
n + 2 + 5n = —250 
6 n + 2 = -250 
6 n + 2-2 = -250-2 
6 n = -252 
j6n = -252 

X 6 

n = -42 


Find (n + 2), the greatest integer. 
n + 2 = -42 + 2 = -40 


The greatest of the three integers is -40. 

3. This is a consecutive even integers problem. Let n = the first even integer, n + 2 = the 
second even integer, and n + 4 = the third even integer. 
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Solve the equation. 


n + 3(n + 2) 
n + 3/1 + 6 
4/1 + 6 
4n + 6 — 2n 
2/1 + 6 
2/1 + 6 - 6 
2 n 
jn 

i 

n 

n + 2 
n + 4 


2(/i + 4) + 38 
2/1 + 8 + 38 
2/1 + 46 
2/1 + 46 - 2n 
46 

46-6 

40 

40 

2 

20 

20 + 2 = 22 
20 + 4 = 24 


The three even integers are 20, 22, and 24. 

4. This is a ratio problem. Let 4x = the number of women in the organization and 
5x = the number of men in the organization. 


Solve the equation. 


4x + 5x = 54 
9x = 54 
jx _ 54 
/ 9 

x = 6 

Find 4x, the number of women in the organization. 
4x = 24 


There are 24 women in the organization. 

5. This is a mixture problem. Let 14/ — the amount (in milliliters) of distilled water to be 
added and 1/1/ + 1000 = the amount (in milliliters) of the final 50%alcohol solution. 


Solve the equation. Note: Distilled water contains 0% alcohol. 


0%W + 70%(l 000) = 50%(l/l/ + 1000) 
0-W + 0.70(1000) = 0.50(14/ + 1000) 

0 + 700 = 0.5014/+ 500 
700 = 0.5014/ + 500 
700 - 500 = 0.5014/ + 500 - 500 
200 = 0.5014/ 


200 _ $s6w_ 

0.50 

400 = 14/ 


400 milliliters of distilled water must be added. 
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6. This is a mixture problem. Letx = the amount (in pounds) of the $10.50 coffee in the 
blend and y = the amount (in pounds) of the $8.50 coffee in the blend. 

Solve the equations. 

(1) x + y = 80 

(2) 10.50x + 8.50y = 9(80) 

Using the method of substitution, solve equation (1) fory in terms ofx. 

x + y = 80 
x + y — x = 80 — x 
y = 80 - x 

Substitute the result into equation (2) and solve forx. 

10.50x + 8.50y = 9(80) 

10.50x + 8.50(80 - x) = 9(80) 

10.50x + 680 - 8.50x = 720 
2x + 680 = 720 
2x + 680 - 680 = 720 - 680 
2x = 40 
jx = 40 

/ 2 
x = 20 

The owner should use 20 pounds of the $10.50 coffee in the blend. 

7. This is a coins problem. Let n = the number of nickels in the collection and d = the 
number of dimes in the collection. 


Solve the equations. 

(1) n + d = 200 

(2) 0.05n + 0.1 Od = 13.50 

Using the method of substitution, solve equation (1) for n in terms of d. 


n + d 
d-d 
n 


200 

200 

200 


d 

d 
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Substitute the result into equation (2) and solve for d. 

0.05n + 0.1 Od = 13.50 
0.05(200 -d) + 0.1 Od = 13.50 
10 -0.05d + 0.10d = 13.50 
10+ 0.05d = 13.50 
10 + 0.05d —10 = 13.50 — 10 
0.05 d = 3.50 
P&Zd 3.50 
~ 0.05 
d = 70 

There are 70 dimes in the collection. 

8. This is a rate-time-distance problem. Let t = the time (in hours) it will take the two 
vehicles to arrive at the same location. 

Solve the equation. 

65f+ 55f = 540 
120f = 540 
>21 St _ 540 
> 20 " “ 120 
f = 4.5 

The two vehicles will arrive at the same location in 4.5 hours. 

9. This is a work problem. Let f = the time (in hours) it will take the two pipes together to 
fill the tank. 

Solve the equation. 

1 
t 
1 
t 
1 
t 

15/ J_ 

1 7 

15 
15 
8 

1.875 

The time it will take the two pipes together to fill the tank is 1.875 hours. 


H 
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10. This is a percentage problem. The formula P= RB applies. P is unknown, R = 15%, and 
8 = $295. 

Solve the equation. 

P=RB 

P = 15%($295) 

P = 0.15($295) 

P = $44.25 

The amount saved is $44.25. 

11. This is a percentage problem. The formula P= RB applies. B is unknown, R = 3%, and 
P= $55.35. 

Solve the equation. 

P = RB 

$55.35 = 3%8 
$55.35 = 0.038 
$55.35 _ jTOlS 
0.03 pM 
$1,845 = 8 


Last week, Ash's total sales were $1,845. 

12. This is a percentage problem. The formula P= RB applies. R is unknown, P = $1,624, 
and 8 = $5,800. 

Solve the equation. 

P = RB 

$1,624 = ft($5,800) 

$1,624 _ Rj^rSGS) 

$5,800 
0.28 = R 
28% = ft 


The amount saved is 28% of the original price. 
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13. This is a simple interest problem. The formula / = Prt applies. / is unknown, 
P = $15,000, r = 1.5% per year, and t = 8 years. 

Solve the equation. 


I = Prt 

I = (15,000)(1.5%)(8) 

/ = (15,000)(0.015)(8) 

/ = 1,800 

The investment will earn $1,800 in interest. 

14. This is a number relationships problem. Let n = the second number and 2n + 12 = the 
first number. 


Solve the equation. 


n + (2n +12) = 72 
n + 2n + 12 = 72 
3n + 12 = 72 
3n+ 12 — 12 = 72 —12 


3 n = 60 
/n _ 60 
X “ 3 
n = 20 

2n + 12 = 2(20) + 12 = 40 + 12 = 52 


The two numbers are 20 and 52. 

15. This problem involves the area of a rectangular geometric shape. Let W = the fence's 
width (in meters) and 21/1/ = the fence's length (in meters). 


Solve the equation. 


(l/l/)(2l/l/) = 162 
2 I/I/ 2 =162 
/W 2 162 

/ “ 2 
I/I/ 2 = 81 

1/1/ = +V81 


1/1/ = 9 or — 9 (reject) 
21/1/ = 2(9) = 18 


The fence's width is 9 meters and its length is 18 meters. 
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Absolute value, 15-17,18, 26 
and the number line, 15f 
in PEMDAS, 60,62 
symbol for, 15, 58,60 
Absolute value functions, 202, 202f 
Addition: 

of algebraic expressions, 146-150 
associative property of, 9 
closure property of, 8 
commutative property of, 9 
with like denominators, 146-148 
of monomials, 88-89 
of natural numbers, 1 
in PEMDAS, 60-63 
of polynomials, 90-91 
in powers, 81 
of real numbers, 8,17-20 
signal words and phrases for, 213-215 
with unlike denominators, 148-150 
of whole numbers, 2 
Additive identity property, 10 
Additive inverse property, 10-11 
Age relationships problems, 227-228 
Algebraic expressions, 64-73 

adding and subtracting, like denominators, 
146-148 


adding and subtracting, unlike denominators, 
148-150 

evaluating, 66-70 
parentheses and, 70-72 
terminology of, 64-66 
terms of, 83-85,87 

Algebraic fractions. See Rational expressions 
dividing, 145-146 
multiplying, 143-145 
reducing to lowest terms, 139-143 
Approximately equal to symbol («), 5 
Associative property of addition, 9 
Associative property of multiplication, 10 
Axes, 171-173 

and quadrants, 174 

Base of an exponent, 44 
and the product rule, 74 

quantity enclosed in grouping symbols acting as, 81 
and the quotient rule, 75,76-77 
Binary operation, 8 
Binomials, 85-86 
factoring, 134-137 
as factors of trinomials, 127 
FOIL method for multiplication, 99-101 
multiplication of, 98 
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Braces, as grouping symbols, 58 
Brackets, as grouping symbols, 58 

Cartesian coordinate plane, 171-183,172f 
distance between points on, 176-177 
and graphing functions, 201 
midpoint between two points on, 177 
ordered pairs in, 171-174 
quadrants of, 174-176 
slope of a line, 178-182 
Circles, 6, 203 

Closure property of addition, 8 
Closure property of multiplication, 8-9 
Coefficients, 40 

negative, in the GCF, 123-125 
numerical, 65 

Coins, word problems with, 235-237 
Commutative property of addition, 9 
and subtraction, 24 

Commutative property of multiplication, 9 
Completing the square to solve quadratic 
equations, 166-167 
Complex fractions, 151-152 
Complex numbers in roots, 163,167 
Conditional equations, 154 
Consecutive even integers, 229 
Consecutive integers, 229 

Consecutive numbers in word problems, 229-231 

Consecutive odd integers, 229 

Constants, 64-66 

Coordinate axes, 171 

Coordinate of a point, 2 

Coordinates, 171 

and functions, 195-196 
Counting numbers, 1 
Cube roots, 36-37 
symbol for, 36 
Cubes of numbers, 45-46 

Decimals: 

and perfect squares, 33 
of rational numbers, 4-5 
Denominators, 30 

addition with unlike, 148-150 
of rational expressions, 139 
Dependent variables, 197 
Diagonal of unit square, 5f 
Difference of two cubes, 103,134,135 
Difference of two squares, 103,134,135 


Differences. See Subtraction 
Discriminant of the quadratic equation, 167 
Distance between two points, 176-177 
Distributive property, 11,96-97 
and factoring, 122-123 
Dividends, 110 
Division: 

of algebraic fractions, 145-146 
of natural numbers, 2 
in PEMDAS, 60-63 
in polynomial expressions, 104 
of polynomials by monomials, 110-113 
of polynomials by polynomials, 113-117 
of real numbers, 29-30 
signal words and phrases for, 219-221 
symbol for, 29 
of whole numbers, 2 
with zero, 29,110,139,155,220 
Divisors, 110 

Domain of a function, 195-197 
e, 6 

Elements of sets (£), 12 

Elimination, solving systems of equations with, 
208-210 

Equalities, signal words and phrases for, 221-223 
Equations, 205-212. See also Linear equations; 
Quadratic equations 
conditional, 154 
equivalent, 155 
for functions, 196-197 
left sides of, 154 
of lines, 189-194 
right sides of, 154 
true, 154 

Equivalent equations, 155 
Errors in signs of numbers, 111, 114,123 
Exponential expression, 44,46 
Exponentiation, 44 
reciprocals and, 50 
Exponents, 44-57,108 

natural numbers as, 45-48 
negative numbers as, 50-52, 77,104 
parts of exponential form, 45f 
in PEMDAS, 60-63 
powers and, 77-79 
product rule for, 74-75,80 
quotient rule for, 75-77,80, 111 
rational numbers as, 54-57 
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unit fraction as, 53-54 
zero as, 48-49 

Factoring, 119-120 
binomials, 134-137 
and distributive property, 122-123 
and FOIL method, 128-132 
four term polynomials, 126-127 
greatest common factor, 120-123 
by grouping, 127,132-133 
guidelines for, 137-138 
and multiplication, compared, 119 
perfect trinomial squares, 133-134, 

137-138 

quadratic equations, solving, 165-166 
quadratic trinomials, 127,137-138 
by trial and error, 127-132 
Factors, 38,45,119-120 
greatest common, 120-123 
prime, 148 

of trinomials, binomials as, 127 
False statements in one-variable linear 
equations, 154 
Field properties, 8 
FOIL method, 99-101 
and factoring, 128-132 
Fraction bars, 29,110,219 
in complex fractions, 151 
as grouping symbol, 58, 59-60 
Fractions, 4 

complex, simplifying, 151-152 
and perfect squares, 33 
Functions, 195-204 

common examples of, 201-203 
equations for, 196-197 
graphs of, 201, 202f 
notation for, 197-198 
as sets of ordered pairs, 195-196 
rules for, 196-197 

Fundamental Principle of Rational 
Expressions, 139 

GCF. See Greatest common factor (GCF) 
Geometric shapes in word problems, 246-247 
Graphs: 

of functions, 201,202f 
of an integer, 4 

of linear equations, 184-188,189 
slope-y-intercept form of a line, 186-188 


systems of equations, solving with, 205, 
210-211 

of a whole number, 2,2f 
Greatest common factor (GCF), 120-123 
guidelines for factoring and, 137-138 
with negative coefficients, 123-125 
a quantity as, 125-126 
in reducing algebraic fractions, 139-143 
Greatest common monomial factors, 120-121 
Grouping, factoring by, 127,132-133 
Grouping symbols, 58-60 
and base of an exponent, 81 
and simplifying, 106 

Horizontal lines, 178,185 

Identities in one-variable linear equations, 154 
Independent variables, 197 
Index, 38 
Inequalities: 

of numbers, 14-15,160f 
symbols for, 14t, 160-161,160f 
Inputs to functions, 197,198 
Integers, 3-4, 3f, 6f 
consecutive, 229 
perfect squares, 33 

Intersecting lines and systems of equations, 205, 
210-211 

Irrational numbers, 5,6,6f 

Left side of an equation, 154 
Like terms, 87 

addition and subtraction with, 88-89 
combining, 89-90 
Linear equations, 154-162 
graphing, 184-188,189 
one-variable, solving, 154-159 
point-slope formula for, 190-193 
slope-y-intercept form for, 189-190 
standard form, 154 
two-variable, solving, 159-160 
Linear functions, 201,202f 
Linear inequalities, one-variable, solving, 
160-162 
Lines: 

equations of, 189-194 
graphing, 184 
Long division, 113-117 
symbol of, 114 
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Middle terms, 99,101 
Midpoints between two points, 177 
“Minus numbers,” 25 
Minus symbol, 25 

prior to parentheses, 71 
Mixtures in word problems, 232-235 
Monomials, 84-85 
addition of, 88-89 
dividing polynomials by, 110-113 
as like terms, 87 
multiplication of, 94-96 
polynomials, multiplying by, 96-97 
subtraction of, 88-89 
Multiplication: 

of algebraic fractions, 143-145 

associative property of, 10 

of binomials, 98 

closure property of, 8-9 

commutative property of, 9 

and factoring, compared, 119 

of monomials, 94-96 

of natural numbers, 1 

with negative numbers, 28,160 

in PEMDAS, 60-63 

of polynomials, 101-103,119 

in a power of a power, 77-78 

of rational expressions, 143-145 

of real numbers, 8,26-28 

signal words and phrases for, 217-219 

symbol for, 8, 58,66,217 

of whole numbers, 2 

with zero, 28,155 

Multiplicative identity property, 10 
Multiplicative inverse property, 11 
and zero, 12 

Natural numbers, 1-2, If, 6f 
calculations with, 1,2 
as exponents, 45-48,45f 
and rational numbers, 4 
Negative coefficients, GCFs with, 123-125 
Negative integers, 3,3f, 6f 
as exponents, 50-52,77,104 
Negative numbers, 2 

in algebraic expressions, 67 
as exponents, 50-52,77,104 
integers, 3, 3f, 6f 
multiplication with, 28,160 
uth roots of, 38 


rational numbers as, 4 
square roots of, 5, 38 
symbol for, 25, 111 
Negative slope, 185 
72th power of a base, 44-45 
in rational exponents, 54 
72th root, 38 
Number line: 

absolute value, 15f 

and the Cartesian coordinate plane, 171 
inequality of numbers, 14-15,160f 
natural numbers, 1-2, If 
negative numbers, 2 
real numbers, 6f 
whole numbers, 2,2f 
Number relationships in word problems, 
244-246 
Numbers, 1-13 
and coefficients, 65 
Numerators, 30,110 

of rational expressions, 139 
Numerical coefficient, 65 

One, as multiplicative identity, 10 
One-variable linear equations, solving, 154-159 
One-variable linear inequalities, solving, 
160-162 

Operations, order of, 58-63 
in algebraic expressions, 67-70 
grouping symbols, 58-60 
PEMDAS, 60-63 
Opposite numbers, 2-4,3f 
and absolute values, 17 
and subtraction, 21 
of zero, 2, 22 

Ordered pairs, 171-174,173,195-196 
and solving systems of equations, 205 
Order of operations, 58-63,107 
in algebraic expressions, 67-70 
grouping symbols and, 58-60 
PEMDAS, 60-63 
Outputs to functions, 197,198 

Parallel lines, slope of, 181 
Parentheses: 

algebraic expressions and, 70-72 
as grouping symbol, 58-59 
opposite symbol preceding, 71 
in PEMDAS, 60-63 
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Partial products, 99 
PEMDAS, 60-63 
Percents, 4 

word problems with, 240-243 
Perfect cubes, 36 
of polynomials, 103 
Perfect squares, 33 
of polynomials, 103 

Perfect trinomial squares, factoring, 133-134, 
137-138 

Perpendicular lines, slope of, 181-182 

pi (tt), 6 

Points: 

Cartesian coordinate plane, 172f 
distance between two, on a plane, 176-177 
Point-slope formula for a line, 190-193 
Polynomial expressions, 104-109 
division of, 104 
identifying, 104-106 
simplifying, 106-109 
Polynomials, 85-86. See also Monomials 
addition of, 90-91 
binomials, 85-86, 98 
division of, 110-118 
factoring, 119-138 

FOIL method for multiplication, 99-101 
of four terms, factoring, 126-127 
greatest common factors of, 120-126 
like terms of, 87 

monomials, dividing by, 110-113 
monomials, multiplying by, 96-97 
multiplication of, 101-103,119 
and polynomials, division by, 113-117 
special products of, 103 
subtraction of, 92-93 
Positive numbers: 
integers, 3,3f 
rath root of, 38 
and square roots, 5 
Positive slope, 185 
Power of a difference, 81 
Power of a product rule, 78-79,80 
Power of a quotient rule, 79,80 
Power of a sum, 81 
Power to a power rule, 77-78, 80 
Prime factors, 148 
Principal cube roots, 36,37 
Principal rath root, 38-39 

unit fraction exponents and, 53 


Principle square root, 32, 33-34,164 
Product rule: 

for exponents, 74-75, 80 
powers of, 78-79, 80 
Products. See Multiplication 

Quadrants, 174-176,175f 
Quadratic equations, 163-170 

completing the square, solving by, 166-167 
factoring, solving by, 165-166 
quadratic formula, solving by, 167-170 
Quadratic formula, 167-170 
Quadratic functions, 201,202f 
Quadratic trinomials, factoring, 127,137-138 
Quantities, 217 
Quotient rule: 

for exponents, 75-77, 80, 111 
Quotients, 110-113. See also Division 
powers of, 79,80 
rational numbers as, 4,5 

Radicals, 38 

simplifying, 39-42 
Radicands, 38 

Range of a function, 195-196 
Rate-time-distance problems, 237-238 
Rational expressions, 139. See also Algebraic 
expressions 

Fundamental Principle of, 139 
multiplication of, 143-145 
Rational numbers, 4-5,6f 
as exponents, 54-57 
Ratios in word problems, 231-232 
Real numbers, 6-12, 6f, 14-31 
addition of, 8,17-20 
division of, 29-30 

as the domain of a function, 196-197 
multiplication of, 26-28 
rath roots of, 38 
and the number line, 6f 
properties of, 8-12 
subtraction of, 21-24 
Reciprocals: 

and exponentiation, 50 
multiplicative inverse property and, 11 
Remainders, 110-113 
Repeating decimals, 4-5 
Right side of an equation, 154 
Rise and the slope, 178,178f 
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Roots, 163,167. See also Square roots 
cube, 36-37 
nth roots, 38-39, 53 
Rounding decimals, 5 
Run and the slope, 178,178f 

Signal words and phrases, 213-224 
for addition, 213-215 
for division, 219-221 
for equality, 221-223 
for multiplication, 217-219 
for subtraction, 215-217 
Signed numbers, 17. See also Real numbers 
Signs of numbers. See also Negative numbers 
errors in, 111, 114,123 
Simple interest in word problems, 243-244 
Simplifying: 

complex fractions, 151-152 
and grouping symbols, 106 
polynomial expressions, 106-109 
radicals, 39-42 

Slope of aline, 178-182,184,185 

and the equation, determining, 189-192 

formula for, 185 

negative, 185 

parallel lines, 181 

perpendicular lines, 181-182 

zero, 185 

Slope-y-intercept form of a line, 184,185 
and the equation, determining, 189-190 
graphing, 186-188 

and systems of equations, solving, 210-211 
Solutions: 

to one-variable linear equations, 154-159 
to one-variable linear inequalities, 160-162 
process of finding, 225-227 
of quadratic equations, 163-170 
to systems of equations, 205-211 
to two-variable linear equations, 159-160 
to word problems, 225-227 
Special products, 103 
Square root functions, 202,202f 
Square roots, 5-6,32,33-36 
of negative numbers, 5, 38 
in PEMDAS, 60 
radicals of, simplifying, 39-42 
symbol for, 5,58 
of zero, 5,32 

Squares of numbers, 32,45 


Standard form: 

for linear equations, 154 
for linear equations, graphing, 184-186 
for quadratic equations, 163 
Substitution, solving systems of equations with, 
206-208 
Subtraction: 

of algebraic expressions, 146-150 

with like denominators, 146-148 

of monomials, 88-89 

of natural numbers, 1 

opposite numbers, 21 

in PEMDAS, 60-63 

of polynomials, 92-93 

powers of, 81 

in the quotient rule, 75 

of real numbers, 21-24 

signal words and phrases for, 215-217 

symbol for, 25 

with unlike denominators, 148-150 
of whole numbers, 1 
Sum of two cubes, 103,134,135 
Sum of two squares, 135 
Sums. See Addition 
Systems of equations, 205-212 
elimination, solving by, 208-210 
graphing, solving by, 205, 210-211 
substitution, solving by, 206-208 

Terminology: 

of algebraic expressions, 64-66 
of functions, 197-200 
Terms of algebraic expressions, 83-85,87 
addition and subtraction with, 88-89 
combining, 89-90 
and factors, comparing, 119-120 
like terms, 87 
monomials, 84-85 
Trial and error factoring, 127-132 
Trial and error problem solving, 225 
Trinomials, 85-86 

perfect squares, factoring, 133-134,137-138 
True equations, 154 

Two points formula for linear equations, 
192-193 

Two-variable linear equations, 159-160 

Unit fraction exponents, 53-54 
Units, in word problems, 227 
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Unlike terms, 87 

addition and subtraction of, 88 

Variables, 64-66 

one-variable linear equations, 154-159 
two-variable linear equations, 159-160 
Vertical lines, 178 
Vertical line test, 201 

Whole numbers, 2, 2f, 6f 
calculations with, 1,2 
and opposites, 2-3, 3f 
Word problems, 225-248 
about work, 238-240 
age relationships in, 227-228 
with coins, 235-237 
of consecutive numbers, 229-231 
geometric shapes in, 246-247 
mixtures in, 232-235 
number relationships in, 244-246 
with percentages, 240-243 
rate-time-distance, 237-238 
ratios in, 231-232 
simple interest, 243-244 
solving, process of, 225-227 
units in, 227 

Work, word problems about, 238-240 


x-axis, 171-173,174 
x-coordinates, 171,174 

/-axis, 171-172,174 
/-coordinates, 171,174 
/-intercept 

and the equation of a line, 189-190 
and slope-/-intercept form of a line, 186 

Zero, 6f 

as additive identity, 10-11 
as an exponent, 48-49 
as an integer, 3 
cube root of, 36 

division with, 29,110,139,155,220 
and the domain of a function, 196-197 
multiplication with, 28,155 
multiplicative inverse property, 12 
rath roots of, 38 
opposite of, 2, 22 
slope of, 185 
square root of, 5,32 
Zero factor property, 12,165-166 



